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ABSTRACT

This dissertation studies problems in information economics. The first chapter investigates
monopolistic information selling when the Seller and the Buyer hold different prior beliefs
about the state of the world. The main result shows that the Seller’s revenue is maximized
by gradually selling information over multiple periods. The second chapter examines optimal
communication when multiple Senders share the same information but have access only to
a limited language. The main result shows that Senders use their language heterogeneously,
and assign non-convex meanings to individual messages while ensuring that the meaning of
message profiles remains convex. The final chapter studies strategic communication when a
decision-making Receiver must acquire a limited skill set in advance. The main result shows
a negative relationship between the informativeness of the Sender’s advice and the Receiver’s

skill capacity.
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Chapter 1

Information Selling under Prior Disagreement

with Ernesto Rivera Mora

This chapter studies monopolistic information selling in environments in which (1) the
seller has limited commitment power, and (2) the buyer and the seller hold different beliefs
about the state of the world. In environments with a common prior, there is no advantage
to selling information sequentially; the seller cannot achieve higher revenue than by offering
an experiment that fully reveals the state in one period. We find that if, on the other hand,
the agents agree to disagree about their prior beliefs, the seller achieves a strictly higher
revenue by gradually selling information over multiple periods. Moreover, increasing the
number of periods of the protocol strictly increases the seller’s expected revenue. In multiple
environments, it is optimal for the seller to first offer a free sample test, i.e., an experiment
that partially reveals information, at no charge. While the seller benefits from additional
periods to trade, the expected revenue remains bounded even as the number of periods tends

to infinity.

1.1 Introduction

Information buyers and sellers often disagree on the value of information. Individuals
frequently undervalue recommendations of lawyers, physicians, dietitians, technicians, and
financial advisors. As a result, experts often employ strategies that encourage individuals
to reassess the value of their advice. A common tactic is the provision of “complimentary
consultations”—free initial sessions in which the expert reveals limited information at no
charge. These free sessions are designed to persuade individuals about the true value of the
expert’s advice and ultimately increase their willingness to accept higher prices for further

information.
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This paper sheds light on these selling strategies. To this end, we study monopolistic
information markets in which the seller and the buyer hold different prior beliefs about
the state of the world. Our approach departs from traditional models attributing belief
differences to asymmetric information (Bergemann, Bonatti, and Smolin, 2018; Horner and
Skrzypacz, 2016). Instead, we study environments in which the common prior assumption
is dropped, and agents agree to disagree about their beliefs regarding the state of world.
For instance, prior disagreement may stem from overconfidence (Grubb, 2009), differences
in opinions (Che and Kartik, 2009), or simply from different views of the world (Alonso and
Camara, 2016).

We introduce a general monopolistic framework in which (1) the seller has limited com-
mitment, and (2) the seller and the buyer agree to disagree about their prior beliefs. The
buyer faces a decision problem and hence is willing to pay for experiments (in the sense
of Blackwell (1951, 1953)) that reveal information about the state. The seller can imple-
ment any experiment at no cost and interacts with the buyer sequentially. Before the buyer
selects an action in the decision problem, the seller sequentially offers experiments to the
buyer. At each period, the seller commits to honor each experiment that is purchased, but
cannot further commit to transfers or offers in future periods. This paper shows that the
interplay between prior disagreement and limited commitment induces the seller to sell her
information gradually over time.

To illustrate our main insights, we introduce a two-period example. Consider a manager
(the information buyer) who faces a decision problem involving two potential states of the
world: either the firm’s data is safe, or the data is vulnerable to cyberattacks. The manager
is overconfident in the security of the firm, assigning a high probability to the safe state.! A
technician (the information seller) has more cautious beliefs; assigning equal probability to
each state. The heterogeneity of beliefs is transparent to the agents, leading them to openly
disagree about the value of information. The buyer, confident in the data’s security, sees
little value in purchasing information. The seller, however, recognizes how this information

could potentially mitigate costly errors for the buyer.

By overconfident we mean prior disagreement in the sense of Grubb (2009).
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In a one-period interaction, the seller struggles to convey the value of her information,
resulting in low revenue from fully disclosing the state. However, by extending the interaction
to two periods, the seller can significantly increase her expected revenue. A particularly
effective strategy involves offering a free sample test that partially reveals the state in the
first period, followed by a fully revealing test at a high price in the second period. Section
2.2 shows that the seller strictly benefits from using the free sample as it, on average, reduces
the buyer’s confidence in the data’s security, thereby enhancing the buyer’s subjective value
for additional information. Moreover, offering an initial free sample test plus a subsequent
fully-revealing test is the unique optimal two-period selling strategy. Furthermore, our results
show that the seller can further increase their subjective revenue by extending the interaction
to three or more periods.

This paper characterizes the agents’ equilibrium payoffs for (1) any decision problem that
the buyer faces, (2) any prior beliefs of the agents, and (3) any number of periods for which
the agents are allowed to trade. We show that the equilibrium payoffs are unique and that
belief disagreement impacts the qualitative behavior of the seller. If the agents share a com-
mon prior, there is no advantage in selling information sequentially. The seller maximizes
her expected revenue by fully revealing the state in one period. Under prior disagreement,
however, selling all information in one period is strictly suboptimal. Intuitively, selling infor-
mation gradually allows the seller to tailor experiments that drive the buyer’s posterior belief
towards paths in which the seller expects higher future payments. This creates a non-trivial
trade-off: revealing too much information diminishes the available information for future
sales, and withholding too much information decreases the posterior drift. Consequently, at
any point before the last period, the optimal revenue is not achieved at extremes—neither
through full disclosure nor complete withholding—but rather through an experiment that
partially reveals the state of the world. Our first main result shows that increasing the length
of the interaction strictly increases the seller expected revenue.

Our second main result characterizes the seller’s marginal value of time. While the seller
strictly benefits from having extra periods of trade, the marginal value of an extra period
sharply decreases. Moreover, the seller’s expected revenue is bounded regardless of the

number of periods of the interaction, thereby showing that the seller is not able to infinitely
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“deceive” the buyer. Intuitively, while a sequential interaction allows the seller to steer the
buyer’s beliefs toward high-revenue paths, the seller ends up selling most of the ‘stock’ of

information at early periods, making long-run periods almost irrelevant.

Related Literature The common prior assumption has long played a prominent role in
economic theory. (See Harsanyi (1968); Aumann (1976); Halpern (2002).) Nevertheless,
models without a common prior are fully consistent with rationality, especially if beliefs are
interpreted through a “personalistic” or “subjectivist” Bayesian lens. (See Savage (1972);
Morris (1995).) Our paper shows that dropping the common prior assumption significantly
impacts the behavior of information monopolists.

This paper contributes to the literature on principals with limited commitment. Most of
the literature primarily focuses on common-prior environments in which some agents have
private information. (See Acharya and Ortner (2017); Bester and Strausz (2001); Krishna
and Morgan (2008); Doval and Skreta (2022).) By contrast, we explore the implications of
limited commitment with belief heterogeneity, absent any private information.

Our analysis combines tools from the literatures on dynamic programming (Stokey, 1989;
Miao, 2020) and information design (Kamenica and Gentzkow, 2011b; Rayo and Segal, 2010),
drawing particularly from the literature on dynamic information design (Ely, Frankel, and
Kamenica, 2015; Ely, 2017; Renault, Solan, and Vieille, 2017; Ely and Szydlowski, 2020;
Bizzotto, Ridiger, and Vigier, 2021; Escudé and Sinander, 2023). We contribute to this
literature by developing a dynamic programming approach for settings with prior disagree-
ment. Our approach reduces the seller’s sequential problem into a series of static Bayesian
persuasion problems with prior disagreement (Alonso and Camara, 2016). Our paper closely
relates to Che et al. (2023), which explores a dynamic information design setting under
limited commitment.

This paper fits into a broad literature that analyzes information markets. Initiated by
the seminal work of Arrow (1973); Admati and Pfleiderer (1986) the literature has been
recently extended by Horner and Skrzypacz (2016); Bergemann, Bonatti, and Smolin (2018);
Bergemann and Bonatti (2019); Ichihashi (2021); Ali, Haghpanah, Lin, and Siegel (2022);
Zhong (2022); Bergemann, Bonatti, and Gan (2022). Among these, the paper closest to this
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one is Horner and Skrzypacz (2016). As in their paper, the seller’s optimal selling scheme is
a sequential procedure that gradually sells imperfect signals. However, there are important
differences. Their results apply to a model where (1) the buyer’s decision problem has two
actions and two states; (2) the seller has private information; (3) the agents share a common
prior; and (4) the seller has preferences about the action that the buyer takes. In contrast,
our paper studies settings in which: (1) the buyer faces an arbitrary decision problem; (2)
there is no private information; (3) there may be no common prior; and (4) the action taken
by the buyer has no impact on the seller’s payoffs.

Lastly, our paper is related to the literature that studies monopolists offering free-samples
of information and data. Drakopoulos and Makhdoumi (2023) analyze a continuous-time
environment in which (1) the state is normally distributed, (2) the seller offers signals that
follow an exogenous normal distribution, and (3) the buyer communicates his private infor-
mation to the seller. They restrict to a class of selling strategies that offer (potentially free)
signals at a constant rate and sells the entire data set at the end of the interaction. Our paper
differs in that (1) beliefs are arbitrary, (2) does not restrict the structure of the signals, and
(3) there is no private information. The closest paper is Zheng and Chen (2021) which stud-
ies optimal “advertising” of information. They analyze two-period schemes in which agents
have prior disagreement and the first-experiment is required to be free. Our paper differs in
that we allow for general T-period settings and the seller is allowed to charge positive prices
at any period. We show that in multiple environments—though not all—free-sampling is
the unique equilibrium strategy of the seller. So, rather than exogenously imposing the first

experiment to be free, free-sampling of information endogenously emerges.

Organization of the paper The remainder of the paper is organized as follows. Section
2.2 introduces our leading example. Section 1.3 lays out the model. In Section 1.4, we solve
the game as a dynamic programming problem and characterize the equilibrium payoffs. In
Section 1.5, we show that the seller strictly benefits from interacting over more periods,
but that the revenue is asymptotically bounded. Finally, Section 1.6 discusses some of our

modeling assumptions. All proofs are collected in the appendix.
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1.2 Example

An information buyer (a manager of a firm) faces a decision problem under uncertainty.
There are two possible states: § (the firm’s data is vulnerable) and @ (the firm’s data is safe).
Denote the state space as © = {f,0}. The set of actions is A = {U, N}, where U denotes
updating the firm’s firewall and N denotes not updating the firewall. The buyer’s payoff

function v : A x © — R is summarized in the table below.

w,a) | U N
6 |0 1
0 0 -1

Table 1.1. Buyer’s utility function

So, updating the system is the right action when the system is vulnerable and non updating
it is the right action when the state is not vulnerable.

The buyer is uncertain about the true state of the world. Write v, € (0, 1) for the buyer’s
prior belief of state #. Observe, absent any information, the buyer prefers A if v, > % and
Uify, < % The blue line (resp. red line) in Figure 1.1 describes the buyer’s expected utility

from choosing action U (resp. choosing N).

Vb

-1+

Figure 1.1. Expected utility of the buyer

For each prior belief 1, € (0,1), we can compute the buyer’s value of observing the state
using Figure 1.1. The value of observing the state is the difference between the dotted line
(the value of fully observing the state) and the maximum of the blue and red lines (the

expected utility absent any information). So, the buyer’s value for fully observing the state
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1s:

143 if Vbé%

V() =

1—1v, otherwise.

Figure 1.2 illustrates the function V(-) in terms of the prior belief v,. Notice, the buyer
places a higher value for priors that are closer to %, where the buyer has the highest uncer-
tainty about the state of the world.

v(-)

1

Vp

Figure 1.2. Buyer’s value of observing the state for prior belief 1,

A monopolistic information seller has access to “experiments” or “tests” that can fully
or partially reveal the state. The seller has a prior belief v, € (0,1) that the state is 6.
Importantly, we allow v, to be different from 14. The agents’ prior beliefs are transparent to
them and agents have no private information.

Fix a set of signals M with |M| > 2. An experiment is a stochastic mapping 7 : © — AM
that describes the probability of each signal conditional on each state. We impose three
assumptions: First, the agents agree about the probabilities described by each experiment
7. Second, the realized signal of each experiment is publicly reveal to both agents. Third,
the agents are Bayesian, i.e., their posterior beliefs are derived by Bayes’ rule according to
their subjective prior beliefs.

The agents interact in two periods. In each period t € {1, 2}, the seller offers an experiment
7t at a fixed price p' = 0. If the buyer purchases the experiment, she pays the price p' to
the seller, and both agents observe the realized signal m! € M. The seller has limited
commitment. At each period ¢, the seller commits to honor the priced experiment (7, p)
offered to the buyer. That is, the seller commits to charge p' and truthfully reveal the

realized signal m' of the experiment 7‘. The seller cannot further commit to transfers that
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are contingent upon the state or the signal realization, or to provide an experiment at a

future period.

1.2.1 Common Prior

We start our analysis with a canonical benchmark in which the buyer and the seller agree

about their prior beliefs regarding the state.

Proposition 1 If v, = v, then the seller’s mazimum expected revenue is V(vp). In par-
ticular, it is optimal to offer an experiment that completely reveals the state in the first

period.

A fully revealing experiment in the first period gives the seller a maximum payoff of V' (1,).
Moreover, under a common prior, the seller cannot exceed this revenue by selling information
sequentially. To see this, suppose that there is a selling scheme in which the seller’s expected
revenue is higher than V' (14). Since the agents share the same prior, the agents agree about
the probability of any outcome of the experiment. Consequently, if the seller expects to
receive a higher revenue than V' (14), then the buyer expects to pay more than V (1), i.e.,
her willingness to pay for full disclosure. Thus, the buyer avoids participating in any scheme

that attempts to charge more than V (1).

1.2.2  Prior Disagreement

We now consider a setting in which the agents have prior disagreement. For instance,
disagreement may stem from overconfidence as described by Grubb (2009). Consider the
case in which the seller’s and the buyer’s prior belief about 6 are v, = 0.5 and v, = 0.9,
respectively. Observe, in this case, the agents not only disagree about their beliefs, but
also disagree about the value of information. From the seller’s point of view, the value of
information is V(0.5) = 0.5. However, the buyer is overconfident and is willing to pay only
V(0.9) = 0.1 for full revelation of the state. As a result, the maximum price the seller can
charge in one period is p = 0.1, even though the seller believes that the information has a

higher value.
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v, v
Figure 1.3. Value of information under prior disagreement

We show that the seller can strictly increase her revenue by sequentially selling information
in two periods. Moreover, we show that boosting revenue may be achieved by a selling scheme
that (1) initially offers some information for free, and (2) subsequently offers to fully reveal
the state at a high price.

The first free-sample experiment is tailored to maximize the probability that the buyer
has the posterior probability i, = 0.5 (the posterior belief leading to the highest valuation
of information). Fix a set of signals M = {m,m} and consider the signal mapping 7 : © —

A(M) given by the table below:

3l

O ©lw

Using Bayes’ rule, the posterior probability that the buyer assigns to state 6 after each

signal is

0. 0.9-

1
5

=1 and  qu(m) =

() =

O |l

. 1
9
09-5+0.1-0 0.9 - 0.1-1

©|oo
Ol

An illustration of the “posterior spread” of the free sample is given in Figure 1.4. Observe,
after receiving signal 7z, the buyer becomes certain that the state is 6, eliminating the need to
purchase additional information. However, after receiving signal m, the buyer’s uncertainty
increases. Moreover, after signal m, the buyer is willing to buy a second experiment that

fully reveals the state for a price p = %
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Ty v

Figure 1.4. Buyer’s new beliefs after the free sample experiment

Notice, agents not only disagree about their beliefs about the state, but also about the
probability of the signals of the experiment. While the buyer believes that the probability
of signal m is 1—10 1+ 1% : % = %, the seller believes that such probability is 0.5-1+0.5- % = g.
After such a signal, the buyer purchases a fully revealing experiment at price % Hence, the
seller’s expected revenue under the dynamic selling scheme is g : % = % ~ 0.27, which is
higher than the revenue from selling the information in a single period, V' (0.9) = 0.1.

The subjective increase in revenue can be interpreted as an exploitation of the buyer’s
“incorrect” prior belief.? When the information buyer is overconfident, he underestimates the
probability of state # and receiving a low signal m. Consequently, the buyer underestimates
the probability of purchasing the fully-revealing experiment. This, in turn, allows to raise

5

the price of full disclosure in the second period, raising the expected revenue to ;5. The

results of Section 1.5 will imply that (1) 2 is the maximum revenue that can be achieved
in two periods, (2) any two-period scheme that charges for information in the first period
is strictly suboptimal, and (3) revenue strictly increases by selling information in three or

more periods.

1.3 Model

Throughout the paper, take the following conventions. Endow a compact metric space
C with its Borel sigma-algebra. Denote by AC' the set of probability measures on C' and
endow AC' with the topology of weak convergence. Denote the interior of AC by int AC.

2The buyer’s beliefs are “incorrect” from the seller’s subjective point of view. In the same way as Grubb
(2009) the seller’s payoffs are computed using the seller’s prior belief.
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For each ¢ € C' write . € AC for the probability measure that assigns probability one to the

singleton {c}.

1.3.1 Enwvironment

There are two agents, the buyer (denoted by b) and the seller (denoted by s). The buyer
faces an individual decision problem described by a finite state space ©, a compact set of
actions A, and a continuous utility function v : A x © — R. We assume that there are some

states 6,0 € © such that
argmax u(a, ) N argmaxu(a,d’) = .
acA acA

In this sense, the problem is not trivial, and the buyer strictly benefits from observing the
state.

Each agent i € {s,b} has a prior belief v; € int A©® about the state. The agents’ prior
beliefs are transparent to them.® In particular, the agents have no private information. If
v, = Vg we say that the agents share a common prior. If v, # v,, we say that the agents

agree to disagree about their priors.

1.5.2 Interaction

We model the interaction between the agents as a dynamic game in which the seller
sequentially offers information to the buyer over multiple periods. Information is sequentially
revealed by implementing the Blackwell experiments that the buyer chooses to purchase.

The timing is as follows. Nature first chooses a state of the world # € ©. Agents do not
observe the realization of the state. After the state is realized, there is a finite sequence of
periods that are indexed (backward) by ¢t = T,T — 1,...,1,0. The number of periods T is
exogenous. In each period ¢ > 0 the agents trade information and in the last period ¢t = 0,
the buyer takes an action. So, t reflects the number of periods left before the buyer faces

her decision problem.

3Formally, the agents’ beliefs are transparent if they are described by a type structure (0, (7;, i )icls,b})
in which (1) each type set 7; is a singleton, and (2) each belief mapping §; : 7; — A(© x T_;) satisfies
marg o0 (t;) = v;.
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There is a finite set of signals M that satisfies |M| > |©].* At each period ¢ > 0, the seller
makes a take-it-or-leave-it offer to the buyer, consisting of a priced experiment E* = (7, p!),
where 7' : © — AM is an experiment, and p’ is the experiment’s price. The experiment
7t describes how signals are distributed conditional on the state. Importantly, the agents
agree about the conditional distribution of signals 7*. The buyer observes E' and decides
whether to accept or reject it. If E* is accepted, the buyer pays the price p’ to the seller, the
experiment 7’ is implemented, both agents observe the realized signal m' € M, and period
t — 1 starts. If £ is rejected, no transfer is made, the experiment is not implemented, and
period t — 1 starts. In the last period, ¢ = 0, the buyer decides what action a € A to take.
Once the game is over, the state 0 is revealed and the buyer receives utility u(a, ).

To isolate the strategic effects of selling information, we assume that (1) there is no time-
discounting, (2) the seller can implement any sequence of experiments without incurring
any cost, and (3) the seller’s payoff does not depend either on the state or on the action
the receiver takes.® The buyer has quasilinear preferences regarding the decision problem
and the payments made to the seller. So, at the end of the interaction, the buyer’s total
utility is u(a, 6) —Zthl p'1{E" is accepted}. The seller’s objective is to maximize the revenue
ST p{E" is accepted}.

The seller has limited commitment power. Within each period ¢, the seller commits to
honor the priced experiment E* = (7, p'), provided that the buyer accepts it. That is, the
seller commits to charge p' and truthfully reveal the realized signal of the experiment 7.
The seller cannot further commit to transfers or future experiments that are contingent upon

the state 6 or the signal realization m!.

1.3.3  Equilibrium

Write £ for the set of all priced experiments. A history for the seller at period T' >t > 1

is a sequence h! = {(E7,c",m"(c7))}L., where E™ € € is the experiment offered at time 7,

and ¢™ € {accept, reject} is the buyer’s choice. The entry m”(c¢™) € Supp (77) is the signal

4Assuming that M is finite simplifies the analysis by avoiding updating in zero probability events. As-
suming that M is finite does not affect the results. (See Part (i) of Lemma 3.)

®Section 1.6.2 discusses the environment in which agents discount the future. Section 1.6.3 discusses the
environment in which the seller faces non-zero costs for implementing the experiments.
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generated by 77 provided that ¢” =accept, and m”(¢") = J otherwise. A history for the
buyer at period T' < ¢t < 1 is a sequence h} = {h%, E'}, describing the seller’s history k% up to
that period and the priced experiment E* that the seller offers at period t. Write H for 4’s
set of histories at period t > 1 and set H = {&}. Write H,; := | J,_, H! for i’s set of histories
prior to the last period ¢ = 0. A trading history is a sequence h° = {(E*, ', m'(c"))}}_1.
Denote by H° the set of all trading histories.

A behavior strategy for the seller is a mapping o : H, — A€ that associates a priced
experiment with each history in H,. A behavior strategy for the buyer is a pair (¢, «)
where ¢ : H — Af{accept, reject} is an acceptance rule and a : H° — AA is a final action
rule. So, for each buyer’s history hl = (h%, E') € H?, c(hl) prescribes whether to accept or
reject the priced experiment E! given the seller’s history hl; and, for each h® € HY, a(h°)
prescribes the action to take after acquiring the information induced by the history h°.

In this game the agents have no private information and all signals are public. Hence, we
employ subgame perfect equilibrium (SPE) as solution concept. Discussion 1.6.1 discusses

how this solution concept is equivalent to strong perfect Bayesian equilibrium (SPBE).

1.4 A Dynamic Programming Approach

To analyze equilibrium behavior, we employ a dynamic programming approach that char-
acterizes (1) how the agents’ beliefs evolve after any sequence of experiments and (2) how

equilibrium payoffs and behavior depend on such beliefs at any history.

1.4.1 Posterior Dynamics

Before describing the strategic behavior of the agents, we first describe the dynamics of
the agents’ posteriors after observing any sequence of signal realizations. For each period
t e {T,..., 1}, write u! € AO for i’s beliefs at the beginning of period t. Hence, each
experiment 7* and each signal m! € Supp 7 induce an agent 4’s posterior belief ;i !, following
Bayesian updating. For each belief 1 € AO, write PS[y] := {7 € A(AO) : E,[y] = p} for
the set of posterior spreads of p that are Bayes plausible. So, assuming that agent i has

belief p} at time ¢, each experiment E' = (7', p') induces a posterior spread 7; € PS[u}] for
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agent 7. Moreover, each posterior spread 7; € PS[uf] such that [Supp (7;)] < M is induced
by some experiment 7' : © — A(M). (See Kamenica and Gentzkow (2011b).)

For each 0 € ©, write () := Zb% for the agents’ likelihood ratio of state 6. Notice, given
the agents’ prior beliefs are in the interior of the simplex, the vector of likelihood ratios

r = (r(0))peo is well defined. Let g : A© — AO be given by

Notice, the mapping ¢ is the identity if and only if the agents share a common prior. This
mapping describes the relation of the agents’ beliefs along the entire interaction. To see this,
consider an experiment ET = (77, pT) in the first period T. The mapping g links the seller’s
posterior with the buyer’s posterior. That is, after any signal realization m” € Supp ©’, the
agents’ posterior beliefs satisfy ul~! = g(u{ ). (See Proposition 1 in Alonso and Camara
(2016).) Furthermore, since any sequence of experiments is itself an experiment, the relation
pt = g(uf) holds at each subsequent period ¢ > 0 after any sequence of experiments and
realized signals.

The mapping ¢ allows to characterize the behavior and the outcomes of both agents in
terms of the posterior of just one agent. We pick the buyer’s belief as a state variable and

study how this belief influences the agents’ behavior and payoffs.®

1.4.2 Posterior Drifts

Describing the agents’ equilibrium behavior requires understanding not only how beliefs
differ after each signal, but also how the agents disagree about the likelihood of the realization
of such posterior beliefs. Assume that, at some period ¢ > 0, the agents have beliefs (uj, ut)
with pf = g(pt). Observe, after the realization of experiment 7, the agents may not only
disagree about the posterior beliefs (ui~ # i~ ') at period ¢t — 1 but also about the likelihood
of the realization of each pair (ug_l, pt=1). That is, the seller views certain pairs of posterior

belief as more probable than the buyer does.

6The analysis is analogous if the analyst chooses the seller’s belief as the state variable.
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To describe this disagreement, fix a buyer’s belief u} and define p(- | ) : A® — R by

t—1
Ty
Ty

p(uy ™ | ) =

where 7 is the vector of likelihood ratios given by the priors (vs,15). The following lemma
shows that the mapping p(- | ) captures the agents’ disagreement about their posteriors

at period ¢t — 1, provided that the buyer’s belief at period ¢ is yj.

Lemma 1 Assume that at period t the agents have prior beliefs (puh, ut) with pt = g(ub). If
7t is an experiment such that for each agent i € {s,b} induces a posterior spread T; € PS[ut],

then for each posterior u, ' € A©,

To(g(uy ™)) = (il (™ | ).

Lemma 1 describes the agents’ disagreement about the likelihood of their posterior beliefs.
To provide some intuition, fix a belief uf and write H~1(u}) := {1y " € AO | p(ui™ " | pb) >
1} for the posterior beliefs that the seller deems more likely as compared to the buyer. Fix
an experiment 7‘, and let 7, € PS[u}] be the buyer’s posterior spread it induces. Notice,
the function p(uy ' | ub) is linear in pf'. Moreover, the set H,-,(u}) is an open half-
space containing p'. Figure 1.5 illustrates this open half-space as a shaded area of the
simplex. Intuitively, if an experiment induces a posterior spread 7, € PS[uf] such that
Supp (1) N Hy=1(p) # &, then the seller expects the average buyer’s posterior to “drift”
towards the region H - (y}). This has an important implication: while the buyer’s posterior
belief satisfies Bayesian plausibility from the buyer’s perspective, it not satisfied from the

seller’s perspective. The next sections will show how the posterior drift affects equilibrium

payoffs and behavior.
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91 92

Figure 1.5. Illustration of the set H,~1 ().

1.4.8 Dynamic Programming: Last Period

We proceed by backward induction to characterize payoffs and behavior in the sequential
game. We start by finding the experiment that the seller offers at period t = 1 after any
history.

The buyer’s value of each posterior belief is key in characterizing the equilibrium payoffs.
With this in mind, write ) € A© for the buyer’s posterior belief at period ¢ = 0 and write

U(1§) = max B p[u(a, 0)]

acA

for the buyer’s expected payoff when he has posterior belief 1.
Lemma 2 The function U(-) is continuous and convez.

Following Blackwell (1951, 1953), Lemma 2 implies that the buyer is weakly better off
under any posterior spread and, hence, is weakly better off by obtaining more information.
Assume that the buyer has belief uj at period ¢ = 1. Notice, the buyer’s willingness to
pay for a posterior spread 7, € PS[u}] is non-negative and is given by B, [U(ud)] — U(u}).

Therefore,

Vi) == sup E,[U()] = Ulw)

mePS[u]

is the seller’s maximum revenue that can be achieved in a single period, provided that the

buyer has belief y} € A©. Moreover, since U is convex, the supremum defining V! is achieved
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by the posterior spread of a fully revealing experiment. Thus,

Vi) = U -y — Ulpy),

where U = (U(dg))geo denotes the vector of maximum utilities at each state. Note, Lemma
2 implies that V! is a continuous, non-negative, and concave mapping such that V*(dy) = 0
for each § € ©. Moreover, because the buyer’s decision problem is not trivial, V*(uf) > 0
for each pf € int A©O.

Notice, the agents’ behavior in the last period is strategically equivalent to a setting with
only one period in which the buyer has prior belief v, = u}. The following result characterizes

behavior and payoffs for one-period protocols.

Theorem 1 Assume there is only one period. There exists an SPE that satisfies the follow-
mg:
(i) The seller offers a fully revealing experiment,
(ii) the buyer accepts the offer with probability one,
(iii) the seller has expected payoff V' (1), and
(iv) the buyer has expected payoff U(vp).
Moreover, each SPE satisfies properties (ii)-(iv).”

Theorem 1 characterizes the unique equilibrium payoffs of the one-period game in terms

8 Observe, the seller’s prior belief has no effect in

of the model’s primitives (A,u) and .
the agents’ payoffs. The proof follows from a standard argument used in ultimatum-style
games. In each SPE, the seller offers the experiment that maximizes total surplus at the
maximum price that the buyer is willing to accept. Observe, in each strategy profile where

the buyer rejects with positive probability, the seller has a profitable deviation: offering a

fully revealing experiment at a slightly lower price, which the buyer accepts with certainty:.

"Notice, if there are some states 6,6’ € © such that arg max,c4 u(a, ) = argmax,c4 u(a, '), then there
exists an optimal experiment that pools states # and 6’ into a single signal m € M. Observe that, conditional
on signal m, the buyer has no value from observing the true state. Therefore, condition (i) does not hold for
some SPE.

8Indeed, the functions U and V! are defined by the decision problem (A4, u).
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1.4.4  Dynamic Programming: Previous Periods

This section characterizes equilibrium payoffs in an arbitrary number of periods by using
a backward induction argument. Fix a period ¢ > 1, a belief u; € AO, and a posterior
spread 7, € PS[j;]. Write 7, € A(AO) for the distribution of beliefs such that 7,(uj ') :=
m(up (i | pf). By Lemma 1, 7 is a well defined probability measure that describes
the seller’s ex-ante beliefs about the buyer’s posterior ui‘l after observing some experiment
mt. So, Ty is the buyer’s posterior spread induced by 7, under the seller’s perspective.

We inductively define a sequence of real mappings (V?),ey defined on AG. Assume that
Vi=l: A® — R is well-defined and write

Vipy) = sup  (Eo[U(,™)] = Ulpp) + Eo [V (1,7 1)])
7,ePS[ut]
where T3, is the posterior spread induced by 7, under the seller’s perspective.

We will show that the mapping V* captures the seller’s maximum total revenue that she
can extract when there are ¢t > 1 periods remaining and the buyer has belief ! € A®.
(Recall that the seller has belief p% = g(up).) To see this, assume that the seller offers an
experiment that induces a posterior spread 7, € PS[p}]. The first component, E,, [U(u; )] —
U(ub), captures the seller’s present revenue: the buyer’s willingness to pay for an experiment
inducing a posterior spread 7;,. (This relies on anticipating that the buyer’s continuation value
for the next period ¢t — 1 is U(uy ').) The second component, Ez [V~1(ui~")], captures the
seller’s future revenue: the sum of expected transfers from optimally selling information in
the remaining ¢ — 1 periods. Importantly, while the expectation of the first component is
based on the buyer’s posterior spread 7, the expectation of the second component is based on
T,—which captures the buyer’s posterior spread from the seller’s perspective. The difference
between 7, and 7, is the key driver of our results.

Notice that in principle, the supremum defining V* may not be attained at some period
t. We show that this is not the case. Moreover, we show that the optimization problem

t

associated to V'(ul) can be solved using the concave envelope (Aumann, Maschler, and

Stearns, 1995; Kamenica and Gentzkow, 2011b). To do so, fix uj € AO and define the
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auxiliary mapping A'(- | uf) : A® — R as
Ay Ta) o= U™ ) + VI Doy | ).

The following Lemma describes the value V'(u!) as a standard concavification problem

for the objective A*(- | put).

Lemma 3 For each t > 1 and each u} € AO,

Vi) = sup B [A"(uy " | )] = Upp)-
TePS[f]
Moreover,
(i) For each uj € AO, the supremum defining V' (up) is achieved for some posterior spread
7, € PS[p] that has at most |O| elements in its support.
(i) The mapping V*'(-) is continuous.
(iii) The mapping V' (-) satisfies VITI() = VI(-) and V*(dp) = 0 for each 6 € ©.

Lemma 3 states that V*(up) is the value of a well-defined finite-dimensional Bayesian
persuasion problem. Thus, the supremum defining V*(u}) can be found by computing the
concave envelope of AY(- | ub) evaluated at the belief uj ' = ub. Moreover, part (i) shows
that the supremum is achieved by an experiment with at most |O| signals. So, provided
that [M| > |©|, there is some experiment 7* : © — AM that induces the optimal posterior
spread. Part (ii) shows that V' is continuous and therefore bounded. Part (iii) shows that
the seller weakly benefits from having extra periods and that the future revenue is zero if

the buyer becomes certain about the state.

Theorem 2 Assume there are T' periods. There exists an SPFE that satisfies the following:
(i) On the equilibrium path the buyer accepts each offer with probability one,
(ii) the seller has expected payoff VT (vy), and

(iii) the buyer has expected payoff U(vy).

Moreover, each SPFE satisfies these properties.

Theorem 2 characterizes the unique equilibrium payoffs of the T-period game in terms

of the agent’s prior beliefs. The proof follows an inductive argument reminiscent of those
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used in ultimatum-style games. Fix a history that induces buyer’s belief u} at period ¢. By
backward induction, in each SPE the agents anticipate that the buyer’s continuation value
is given by U (uz’l). So, the seller takes this buyer’s continuation payoff as given and offers
an experiment that maximizes current and future payments described by the expression
defining V*(put). Overall, this results in an expected payoff VT (1) for the seller and an
expected payoff of U(1;) for the buyer. Notice, as in standard ultimatum-style games, the
buyer accepts all offers on the equilibrium path. If, with positive probability, the buyer does
not accept the offer, then the seller would have incentives to deviate to a lower price which
the buyer accepts with probability one.

Observe that each history k% € H, induces an information-selling game of ¢ periods. Hence,
the results of Theorem 2 extend to all such induced subgames, even those outside the equilib-
rium path. So, each history h% € H, in which the buyer’s initial belief is pj, the buyer accepts
the equilibrium seller’s offer with probability one, and the seller’s and buyer’s continuation

expected payoffs are Vi(uf) and U(u}), respectively.

1.4.5 FEzample Revisited

We now apply the dynamic programming approach to analyze the example of Section 2.2.
Recall that in this example the agents’ priors are (14(0), v4(6)) = (0.9,0.5).

We first characterize the case in which the agents have two periods to trade information.
In the first period t = 2, the seller seeks an experiment that, in expectation, maximizes the

expected value of the objective

A2 ) 1= U(C)+ VAol | ).

For each x € [0, 1], write u, for the belief such that u,(#) = x. Observe, under these prior
beliefs the distortion mapping satisfies p(u, | 1) > 1 if and only if 0.9 > z. So, the seller
believes that all the buyer’s posteriors p, that satisfy 0.9 > x are more likely relative to the
buyer. Hence, the seller can tailor an experiment that drives the average buyer’s posterior
towards posteriors ji, that satisfy 0.9 > z. Figure 1.6 plots the objective A*(- | 5) (in blue)

and its concave envelope (in red dashed lines).
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Figure 1.6. Mapping A%(- | 14) and its concave envelope.

Notice, the posterior spread 7 € PS[y;] that maximizes the objective E, [A?(y} | v)] is
such that Supp (7) = {uos,1}. Moreover, the maximum price that the seller can achieve
for the associated experiment is p' = E,[U(u})] — U(vy) = 0. (Recall that U(:) is linear
from g5 to py.) Therefore, provided there are two periods, the free-sampling selling scheme

described in Section 2.2 maximizes the seller’s revenue and provides an expected revenue of

Vi) =2

18"

We can apply the dynamic programming approach to analyze the example in a setting
with with three periods. The optimal selling scheme has the following features: In the
first period, the seller provides a free sample experiment that induces a posterior spread
72 € PS[v,] such that Supp (7)) = {uos, 1} If the posterior g5 is realized in the second
period, then the seller offers an experiment inducing a posterior spread 72 € PS[pg5] such
that Supp (77) = {/tz, p1} for some z ~ 0.3. If the posterior p, is realized in the last period,
the seller finally offers an experiment that fully reveals the state of the world. Notice,
if at some period the posterior pu; is realized, then the buyer does not purchase further

information.
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Figure 1.7. Mappings V' in terms of u;(6), given that priors are (v, vs) = (0.9,0.5).



32

The example can be easily extended to a sequential game with an arbitrary finite number
of periods. By applying the concave envelope approach on the associated objective A?, one
can iteratively compute the value functions (V*);cy and the optimal selling scheme for an
arbitrary number of periods. Figure 1.7 illustrates the mappings V(:) for t = 1...,9.
The asymptotic limit lim;_,. V*(-) is plotted in dashed lines. There are two important
observations. First, at each period ¢ > 0 and each belief g, € int AO, VIt () > V().
So, provided that there is information left to offer, the seller strictly benefits from having
more time to interact with the buyer. Second, the value functions (V*),n are bounded and
converge to a continuous function. Section 1.5 shows that these two properties are universal
and emerge in all environments with prior disagreement, regardless of the buyer’s decision

problem (O, A, u) or the agents’ prior beliefs (v, vs).

1.5 Main Results

Theorem 2 describes the seller’s payoffs of each T-period game in terms of the mapping
VT, This section explores the properties of the mappings (V!)y as a way to describe the
payoffs and behavior of the sequential game with an arbitrary number of periods.

To provide the results it will be useful to introduce some notation. Write C for the space

of real continuous functions defined in A©® and write
F ={V eC: V is non-negative and V' (dp) = 0 for each 6 € ©}.

Note that Lemma 3 and 2 imply that V' € F for each t € N. The key idea is to use
the recursive nature of the mappings (V*),eny as a way to identify the regions where the
value functions strictly increase with respect to t. With this in mind, define the Bellman

operator ¢ : F — F as follows:

O(V) () = sup B [U(uy) + V(i) oty | 116)] — Upa)-

TEPS[11e]

Observe, since ¢(V') € F for each V' € F, the Bellman operator is well-defined. (See Lemma
9 in the appendix). The Bellman operator identifies the mappings (V) in the sense that
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Vil = ¢Y (V1) for each t € N. Consequently, features of the agents’ payoffs and behavior are
derived from the monotonicity properties of ¢. (Lemma 10 in the appendix describes these

properties.)

1.5.1 The Impact of Time

Theorem 2 and Lemma 3 together show that the seller’s subjective expected revenue
weakly increases with the length of the interaction. The example in Section 2.2 shows
that the seller strictly benefits from having additional periods to trade. In this section, we
prove that this phenomenon is not an isolated case but a universal property satisfied in all
environments with prior disagreement.

Write D¥ := {4, € AO : py, # g() and V(1) > 0} for the set of buyer’s beliefs where
the agents disagree and the buyer has a positive value for information.” The following result

identifies two key properties of the set D+.

Lemma 4
(i) If vs = vy, then Dt = (7.
(i1) If vs # vy, then int A© < DF.

Lemma 4 follows from two observations. First, given that the decision problem is not trivial,
at any interior belief, the buyer strictly values information. Second, if the agents disagree
at the priors (v, 1), then they disagree at any interior posterior belief. Consequently, there
are two possibilities, either the agents share a common prior and thus DT is empty, or the
agents agree to disagree and D% contains all beliefs with full support. Our first main result
shows that D characterizes the region of beliefs at which the value functions (V?),ey strictly

increase in t.

Theorem 3 The following holds for each t € N:

D+ = {,ub e AO : VH—I([JJ[,) > Vt(,ub)}
9Notice,the set D+ depend on both, the decision problem (0, 4, u) and the prior beliefs (v, vs).
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The proof of Theorem 3 follows from an inductive argument. The first step uses a geometric
approach to show that the convex envelope defining V?(y;) is strictly above the value V1(u).
This relies on the existence of some belief y; € Dt that the seller deems relatively more
likely, (that is, p(py, | 1) > 1). The second step uses the monotonic properties of the Banach
operator ¢. (See Lemma 10.) Since V?3(-) is defined in terms of V2(-), and V?(-) is defined
in terms of V1(-), it follows that V2(-) > V!(-) in D implies that V3(:) > V2(-) in DT. An
inductive argument shows the result holds for all ¢ € N.

Theorem 3 characterizes the seller’s equilibrium payoffs for each belief 1, including the
exogenous prior belief 1,. Moreover, it provides a sharp difference between the case of
common prior and the case of prior disagreement. Notice, under a common prior D™ = .
Consequently, VI* (1) = VT (1) = ... = V1(1), implying that no selling strategy surpasses
an experiment that fully reveals the state in the first period. By contrast, under prior
disagreement v, € int A® < D*. As a result, VI () > V() > ... > V() > 0,
showing that the seller’s expected revenue strictly increases in the total number of periods,
T.

Theorem 3 not only characterizes the equilibrium payoffs but also identifies the seller’s
behavior at any history in the game. Note, since fully revealing the state at any stage yields
a payoff of V1(u}), it is strictly suboptimal to fully reveal the state whenever the current

belief is pj € Dt and ¢ > 1. This implies the following corollary.

Corollary 1 Assume that vy # vy, and T > 1. At each SPFE the first experiment offered by
the seller is not fully revealing. Moreover, in each history at period t that induces a buyer’s

belief uy € D, the seller does not offer a fully revealing experiment.

Intuitively, Theorem 3 and Corollary 1 follow from the interplay between selling informa-
tion in the current period versus future periods. On the one hand, the sequential framework
allows the seller to steer the buyer’s beliefs toward paths in which the seller expects larger
future payments. On the other hand, this drift comes with the cost of depleting the ‘stock’ of
information available for future interactions. So, revealing too much information diminishes
the available information for future sales, and withholding too much information decreases

the posterior drift. Consequently, the optimal revenue is not achieved at extremes—mneither
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through full disclosure nor complete withholding—but rather through an experiment that

partially reveals information.

1.5.2  Asymptotic Payolffs

This section identifies the seller’s subjective expected revenue in environments in which the
agents interact in an asymptotically large number of periods. Typically, In dynamic settings,
long-run outcomes are characterized by the convergence properties of Banach contractions.
However, in our setting, the Bellman operator ¢ is not a Banach contraction, as it admits
multiple fixed points. Despite this, we show that the set of fixed points of ¢ provide a bound
on the seller’s asymptotic revenue.

We now construct a key fixed point of ¢. Write 0* € arg maxgee 7(6) for a state that max-

imizes the likelihood ratio of the agents. We define B : A® — R as B(uy) := V' (us)p(do+ |

1)1

Lemma 5 The following statements hold:
(i) The mapping B is a fized point of ¢.
(ii) For each puy € AO, B(up) = V().

Lemma 5 shows that B fixed point of ¢ that dominates the value function V. Moreover,
due to the monotonicity properties of ¢, the fact that B dominates V! implies that B
dominates all the mappings (V*);en. (See Lemma 10.) Figure 1.8 illustrates the mapping B

(in red) and the value functions (V; ),y (in blue) for the example of Section 2.2.
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Figure 1.8. Mappings (V?!);cy and B in terms of (), given that priors are (v, v5) = (0.9,0.5).

ONotice, under common prior, p(dgx | wp) = 1 for each uy, € AO. Under prior disagreement p(Sps | pp) > 1
for each pp, € int AG. (See Lemma 11.)
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Fix a belief p, € A®. Since the sequence V*(y;) is monotone and bounded by B(uy), its
limit exists. The following result shows that the point-wise limit of the sequence (V)

defines a well-behaved mapping.

Theorem 4 There exists a mapping V= : AO — R so that, for each u, € AO,
© o t
V() = lim V().
Moreover, V= € F and V= is a fized point of ¢.

Theorem 4 states that the seller’s asymptotic revenue is captured by V*, a continuous (and
hence bounded) mapping. This result implies that the seller’s marginal revenue with respect
to t sharply decreases. Intuitively, the optimal strategy reveals most of the information in
the early periods, depleting the stock of information available for the final extra periods.
Consequently, when t is large, an additional period generates almost no extra value for the

seller.

1.6 Discussion

1.6.1 Subgame Perfect Equilibrium

As described in Section 1.3, the agents in this game have no private information. Moreover,
since prior beliefs are transparent and all signals are public, the agents’ posterior beliefs
remain transparent after any sequence of experiments.

We impose the restriction that agents “cannot signal what they do not know.” That is,
the actions of the co-player do not convey information about the state 6. At each history,
the agents’ beliefs about the state depend solely on the signals selected by chance. More
specifically, given a stream of experiments 7w = ('), purchased by the buyer at periods

T <{1,2,...,T} the conditional distribution of the stream of signals m = (m'),7 is given

by

Pr[m | 6] = [#'(m'|06).

teT
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Therefore, since i has prior v; € int A©, 4’s posterior beliefs at period # < min(7") are given

by

vi(0)Pr[m | 0]
D vi(0)Pr[m | 0]

0'e©

Hi(0) = (1.1)

Absent any experiment, the belief of each agent ¢ remains fixed at the prior v;, even after a
deviation of the co-player.

In this game, the agents’ posterior beliefs are transparent after any history. Hence, sub-
game perfect equilibrium is equivalent to strong perfect Bayesian equilibrium under the fol-
lowing requirements: First, at each history that implements some experiments, the agents’
beliefs are described by Equation (1.1). Second, at each history in which the buyer does not

purchase any experiment, the belief of agent ¢ equals its prior v;.

1.6.2 Discounting the Future

This paper investigates the effects of belief disagreement in information markets. Our
main finding reveals that the seller benefits from longer interactions. To isolate the effects of
prior disagreement, we abstract from other factors that could influence our dynamic setting,
such as time discounting.

Incorporating a discounting parameter ¢ € (0, 1) makes deferring the payments less attrac-
tive for the seller. As a result, the seller may refrain from exploiting trading opportunities
in the long run and instead, opts to disclose more information in early stages. At one ex-
treme, when the seller is highly impatient (§ ~ 0), the optimal strategy entails disclosing all
information within a single period. At the opposite extreme, with a sufficiently patient seller

(0 ~ 1), our characterization closely approximates the equilibrium payoffs of the agents.

1.6.3 Costly Experiments

This paper assumes that the seller faces no cost for executing experiments. This benchmark
covers multiple economic interactions in which the marginal cost per experiment is negligible.

For instance, software firms incur zero marginal costs for running antivirus tests.
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We anticipate that adding costs to the experiments will impact the experiments that the
seller offers in equilibrium. If the seller faces a small fixed cost per experiment, the seller will
reveal more information (in comparison with no-cost environment) with the goal of decreasing
the expected number of experiments executed. If the cost per experiment is sufficiently big,

then the seller will opt to offer a fully-revealing experiment in the first period.



Chapter 2

Language Constraints in Multi-Sender Communication Games

This chapter studies optimal communication under language constraints. The model fea-
tures multiple Senders and a single Receiver, in which the only barrier to communication is
a limitation imposed by language: Senders are identically informed, all players have aligned
incentives, the state space is infinite, but the Senders’ message spaces are each finite. Thus,
while players prefer full information revelation, their language does not allow for it. Efficient
communication has two important properties. First, Senders use language heterogeneously.
Second, Senders assign non-convex meaning to individual messages, while ensuring that the

meaning of message profiles remain convex.

2.1 Introduction

In many economic settings, a decision maker lacks expertise. Instead, other agents may
have the expertise that the decision maker desires. A prominent case is where those experts
convey information to the decision maker via cheap-talk messages. Typically, this is studied
in settings in which the experts have a rich language—in particular, a language rich enough
to verbalize all relevant information, should they desire to do so. But, in practice, there may
be important language constraints.

Language constraints are pervasive in everyday communication. They naturally arise
when experts interact with decision makers under time pressure. Because technical jargon
can require lengthy explanations, experts often restrict their language to words that have
everyday meaning. For instance, lawyers may avoid complex legal jargon, doctors may avoid

medical terminology, and technical advisors may avoid communicating complex findings.
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In other cases, language constraints stem from institutional requirements. Organizations
often mandate that experts condense detailed technical information into coarse categories
when communicating with the public. In the U.S., certain public schools must report per-
formance using a simplified rating scale (instead of providing details on test scores). In the
EU, appliance manufacturers are required to provide information on electrical consumption,
by using energy labels that rely on a coarse rating system. Similarly, in several Latin Amer-
ican countries, food companies must print coarse warning symbols on packaging to alert
consumers about potentially harmful ingredients.

In these situations, experts are constrained to use a sparse language. They cannot use
a language that is rich enough to convey every detail to the decision maker. In light of
these and similar examples, the literature has recognized the importance of studying such
language constraints (Crémer et al., 2007; Jager et al., 2011; Blume and Board, 2013; Sobel,
2016; Aybas and Turkel, 2024).

This paper examines how experts best communicate under language constraints in a par-
ticularly tractable setting—one in which it should be easy to communicate. Specifically, it
looks at a setting where the experts and the decision maker have aligned incentives. Addi-
tionally, each expert has the same information. So, absent language constraints, the experts
should be able to communicate all relevant information. Moreover, the presence of one vs.
multiple experts should not impact what information is conveyed. Yet, with language con-
straints, it does: The presence of one vs. multiple experts impacts not only what information
is conveyed but also how it is conveyed.

To understand why, suppose there is a continuum of states. Each expert, or Sender, knows
the state, but only has access to a finite set of (cheap-talk) messages. So, when a Sender
conveys information, it must be clustered into coarse categories. That is, full-information
revelation is not possible.

The main results concern the meaning of a message versus the meaning of a message profile.
Both the meaning of a message and the meaning of a message profile are endogenously
determined by equilibrium. For instance, suppose there are two Senders, S1 and S2, who
can each report either low or high. The meaning of the message low for S1 is the set of states

at which (in equilibrium) S1 says low. Similarly, the meaning of the message profile (low,
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high) is the set of states at which (in equilibrium) S1 says low and S2 says high. Notice the
meaning of the message low may be different for S1 versus S2. But, it is the meaning of the
message profile that determines the Receiver’s best response.

What is the structure of the meaning of messages, when communication is efficient? Propo-
sition 3 shows that, in any efficient equilibrium, message profiles essentially have convex
meaning. Theorem 5, however, shows that the same conclusion cannot be drawn for the
meaning of an individual Sender’s message. In particular, when the state space is multi-
dimensional and the choice set is sufficiently large, efficient communication typically requires
that each Sender’s messages have non-convex meaning.

To understand the interest in convex meanings, note that we typically think that states
have a natural order—one that meaningfully conveys information about payoffs. For in-
stance, suppose the set of states [0, 1] represents the severity of a medical condition. A
natural order specifies that higher states are associated with more severe medical conditions.
So, if the agents want to choose the same treatment ¢ at both states # and €', then presum-
ably they should also want to choose treatment ¢ at any convex combination of # and #'. In
this sense, we would expect convex meaning. And, indeed, in any efficient equilibrium, mes-
sage profiles do have convex meaning. Since the meaning of message profiles determines the
Receiver’s best response, the Receiver would choose treatment ¢ at any convex combination
of # and ¢'.

But, importantly, to achieve efficiency, the Senders may need to both use language hetero-
geneously and use language in a way that lacks convex meaning. To see this, suppose each of
two (doctor) Senders can only report low or high. So, there are four message profiles that the
(patient) Receiver can observe. Assume that an efficient equilibrium induces four possible
actions—that is, each message profile induces a different equilibrium treatment. This cannot
involve Senders using language homogeneously: If it did, the Receiver would only observe
two message profiles and could not choose four different equilibrium actions. It also cannot
involve messages of each individual Sender having convex meaning. If it did, each Sender
St would have a cutoff HAZ so that Si reports low below 0} and reports high above éz In that
case, the Receiver would only observe (at most) three message profiles and, again, could not

choose four different equilibrium actions.
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Notice, the Receiver would observe four message profiles if one Sender adopts a language
with convex meaning while the other does not. To see this, suppose an efficient equilibrium
requires inducing different actions when the state belongs to [0, 1), [1,3), [5.2), and [2,1].
The Receiver can distinguish these four regions if: (i) S1 reports low when the state is in
[0,1) and reports high otherwise and (ii) S2 reports low when the state is in [, 2) and
reports high otherwise. This desire to communicate efficiently leads S2 to use language in a
way that lacks convex meaning.

In this example, the desire to communicate efficiently requires that at least one Sender use
language in a way that lacks convex meaning. The other Sender may well use language so that
it has convex meaning. However, this is an artifact of the assumption that the state space
is unidimensional. When the state space is multidimensional, the desire to communicate
efficiently will typically require that all Senders use language in a way that lacks convex
meaning. See Section 2.2 for an example.

At a broader level, the paper identifies two important and distinct patterns of language
use in efficient equilibria: Senders use language heterogeneously, and their languages lack
a convex meaning. This is despite the fact that a payoff assumption (a single-crossing
property) favors convexity. These patterns of language use suggest that obtaining efficiency
with multiple Senders requires solving a delicate coordination problem among them.

The findings of this paper have implications for institutional design. When an institution
constrains experts to provide coarse reports to a decision maker, what reporting standards
should be adopted? The results suggest that experts should be allowed to use different
reporting standards, and should have the flexibility to issue non-convex reports.

While the paper focuses on the multi-Sender case, the model and analysis admit an al-

1 Consider a single Sender endowed with a language that consists

ternate interpretation.
of finitely many words. The Sender can use those words to form sentences—formally, se-
quences of words of finite length—and thereby enrich her language. The Receiver observes
the sentence and takes an action.

This setting differs from the cheap-talk literature, where a message represents the full

description of the information conveyed. Because there are typically no language constraints,

ISee Section 2.5.1 for a detailed discussion.
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it is without loss to focus on the case where a message represents a complete narrative.
But, when there are language constraints, the Sender may want to piece together multiple
messages to construct a narrative. This raises the question: How should the Sender structure
sentences to communicate efficiently?

The results of the multi-Sender model can address this question. In particular, a model
with K Senders is equivalent to a model with one Sender who can convey sentences with K
words. Under this reinterpretation, the main results yield two implications. First, efficient
word use requires context-dependent meaning: The meaning of each word depends on both its
position in a sentence and the surrounding words. Second, although complete sentences must
have convex meaning, incomplete sentences typically exhibit non-convex meaning. These
insights suggest that efficiently constructing narratives from a finite set of words requires
care.

To understand the policy implications, return to the front-of-package nutrition labels ex-
ample. These policies mandate food companies to print a sequence of ingredient-related
labels on packaging; each label indicates that a harmful feature of the product exceeds a
certain threshold. (Examples of such features include calories, sugar, sodium, and satu-
rated fats.) In practice, the labeling requires context-independence and convex meaning.
The results in this paper suggest that communication can be improved by relaxing these
requirements.

This paper falls within a growing literature that uses a game theoretic analysis to raise
questions about language and language use (Rubinstein, 1996; Blume, 2000; Glazer and
Rubinstein, 2001; Blume, 2004; Crémer et al., 2007; Lipman, 2009; Jager et al., 2011; Blume
and Board, 2013; Sobel, 2016; Heumann, 2020; Suzuki, 2023; Aybas and Turkel, 2024; Bauch,
2024; Blume, 2024; Dilmé, 2024; Lipman, 2025). It studies the meaning in language in cheap
talk settings (Crawford and Sobel, 1982a; Green and Stokey, 2007).

The paper shows a trade-off between efficiency and messages having convex meaning.
Convexity is not a new property. In fact, the linguistics literature has viewed convexity of
meaning as a structural design feature of natural languages. See Gérdenfors (2000); Jager
(2007); Jager et al. (2010); Géardenfors (2014); Kirby (2017); Carr et al. (2017). Intuitively, it

is easier to learn a language that exhibits convexity of meaning. As a matter of fact, consider
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a language with this property, and suppose that a speaker hears that two different colors are
called ‘red’. The speaker would then infer that any convex combination of these two colors
is also called ‘red’. This shows that convexity of meaning allows speakers to generalize from
a few observations to a continuum of cases.

Here, convex meaning or the lack thereof, is an output of equilibrium. The result on
message profiles having convex meaning is familiar from the literature on cheap talk. (This
insight goes back to Crawford and Sobel (1982a).) In models with a unidimensional state
space, convexity arises from preferences that favor interval choice, such as Milgrom and
Shannon’s (1994) single-crossing property or Kartik et al.’s (2024) single-crossing differences.
Analogously, in the multidimensional case, convexity results from preferences that favor
convex choice such as Grandmont’s (1978) intermediate preferences, Jager et al.’s (2011)
convex loss function, Sobel’s (2016) convex choice, Saint-Paul’s (2017) generalized single-
crossing condition, Kartik and Kleiner’s (2024) directionally single-crossing differences, or
the strict-single crossing (SSC) property introduced in this article.

The literature has pointed to other reasons why messages may not have convex meaning.
For instance, in Krishna and Morgan (2004), a lack of convexity arises because of dynamics.
In Antic et al. (2023), a lack of convexity arises from the experts’ desire to communicate in
the presence of an outside observer who can veto the experts’ choices.

The closest paper to this one is Jager et al. (2011). They consider a model with a single
Sender whose language is constrained. As a result, they cannot address the important
tradeoffs that arise in the multiple-Sender case. In particular, their results cannot speak
to whether Senders should use language homo- vs. heterogeneously. (That is, their results
cannot speak to whether the meaning of the message low should be the same or different
for different Senders.) Likewise, they cannot study a trade-off between efficiency and convex
meaning: With one Sender, in any efficient equilibrium, each message must have convex
meaning. (This follows from the fact that, with one Sender, a message profile is a message.)

This paper shows that efficiency may require that Senders use language heterogeneously.
This stands in contrast to Crémer et al. (2007) and Sobel (2016). In those papers, the
Receiver has a language constraint. As a result of the Receiver’s language constraint, efficient

use of language requires that the Senders use language homogeneously.
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The remainder of the paper is organized as follows. The next section illustrates the main
results in a simple example. Section 3 introduces the model. Section 4 presents the results
of the paper. Finally, Section 5 discusses and concludes the paper. All proofs are collected

in the appendices.

2.2 Example

Assume that a single Receiver interacts with two Senders. The state space is © =
Conv {(0,0),(0,1),(1,0)} = R?, and the common prior is uniform over ©. The game starts
with the realization of the state. Both Senders observe the state, but the Receiver does
not. After learning the state, Senders simultaneously send messages to the Receiver. The
Receiver then chooses an action from the choice set A with © < A < R2. All players have
identical preferences given by the utility function u(a,f) = —|a — 6||>. Note, the utility is
decreasing in the distance between the action and the state. Hence, all player would like the

Receiver to correctly guess the state.

Rich language First consider the benchmark case of a rich language. That is, suppose
that each Sender has access to a message space large enough to label every state of the world.
The simplest case occurs when M; = My = ©.

There are many equilibria in this game. In particular, there are uninformative (or bab-
bling) equilibria. One such equilibrium involves each Sender uniformly randomizing over her

message space; upon observing any message profile, the Receiver takes the ex-ante optimal

action a* = (%, %) Because the Receiver’s strategy is irresponsive to message profiles, both
Senders are indifferent among their messages. Moreover, given the Senders’ strategy profile,
no message profile reveals information about the state. As a result, the ex-ante optimal
action remains a best response to every message profile.

Note, however, an uninformative equilibrium is inefficient because it does not maximize
the ex-ante expected utility. There is an efficient fully revealing equilibrium satisfying the
following properties: If the state is 6, then each Sender ¢ sends message m; = 6. Upon

observing the message profile (mq,ms), the Receiver chooses action a = my if m; = ma,



46

and a* = (%, %) otherwise. This fully revealing equilibrium is efficient because the Receiver
chooses the optimal action at every state of the world.

Importantly, any efficient equilibrium must be fully revealing. Moreover, the efficient
equilibrium outcome is robust to the number of Senders: Independent of the number of

Senders, the Receiver accurately learns the state of the world and chooses the ex post optimal

action.

Sparse Language Suppose that there is a sparse language. That is, suppose that no
Sender has access to a message space large enough to label every state of the world. The
sparsest case occurs when My = My = {{, h}.

As in the rich language case, this game has many equilibria. In particular, there are
uninformative equilibria. However, no uninformative equilibrium is efficient even relative to
the constrained message spaces. Moreover, an efficient equilibrium cannot be fully revealing
because there are not enough messages to separate all states of the world. This raises the
question: How do efficient equilibria use language?

To answer this question, let us first look at an auxiliary decision problem. Note that the
Receiver can observe at most four message profiles: (¢, ¢), (¢, h), (h,¢), and (h,h). Therefore,
through communication, he can learn that the state belongs to one of K regions, with K < 4.
Each region P, € © will be associated with an action a;. With this in mind, fix a profile
of K actions, (a; : k < K). The first step asks how the Receiver should partition the state
space into K regions, if he wants to use these actions optimally. Thus, the first step will
associate each profile of K actions with an optimal partition of the state space. The second
step will address which action profile and associated partition is best for the Receiver.

First, fix a profile of actions (ax : k < K). The Receiver will assign state # to region P if
the distance between 6 and ay, is smaller than the distance between 6 and any other a;. This
implies that, if 6 and ¢’ belong to region P, then any convex combination of § and " must
also be in region P: since both 6 and 6’ are closest to a; , so is any convex combination of
0 and ¢'. Thus, the Receiver should divide the state space into convex regions.

Second, the Receiver should partition the state space into four regions. To see why,

consider a profile of three actions (ai, as, az) associated with a partition P = {Py, P», P3}.
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Pick a state 0" ¢ {a, as,a3}. Let € > 0 denote the minimum distance between state ' and
each a;. Define B as the open ball centered at 6’ with radius e. Now, consider a new partition
P’ = {P], P}, P;, P;} constructed as follows: P] = P;\B for each k < 3, and P, = B. For
k < 3, associate each region P] with the action ay; associate P; with action a, = 6. Notice,
partition P’ (and the associated action profile) gives the Receiver a strictly higher expected
utility than partition P, so the Receiver should partition the state space into four regions.

Third, the optimal partition involves four regions of approximately the same mass. This
arises from the fact that the Receiver wants to choose a profile of actions that minimizes
the variance within regions. Thus, the Receiver wants to choose a profile of actions whose
associated regions have approximately the same probability. Because the prior is uniform,
this implies that the regions have approximately the same mass.

Figure 2.1 depicts the unique solution to the Receiver’s decision problem. The actions
associated with each region are ay = (0.17,0.17), ag, = (0.13,0.65), ap, = (0.65,0.13), and
apn, = (0.39,0.39).

Qyp,

0 1

Figure 2.1. Optimal partition

The solution to the auxiliary decision problem directly determines the efficient equilibrium
outcome. Since all players have aligned incentives, the Receiver’s utility maximization in
the decision problem ensures that the Senders’ utilities are maximized. To construct an
equilibrium that induces the optimal partition in Figure 2.1, recall that the Receiver selects

an action based on the observed message profile. Therefore, it suffices to associate each region
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with a specific message profile, as Figure 2.2a illustrates. Figures 2.2b and 2.2¢ decompose

Figure 2.2a into the strategies chosen by each Sender.

1 1 1
h
l h
12
0 0 1 0 1
(a) Message profiles (b) Sender 1’s strategy (c) Sender 2’s strategy

Figure 2.2. Message profiles and Senders’ strategies

Think of the meaning of message m; for Sender 7 as the set of states in which Sender
transmits message m;. Similarly, think of the meaning of message profile (my, msy) as the set
of states in which Sender 1 and Sender 2 transmit messages m; and ms, respectively.

The equilibrium Senders’ strategies in Figures 2.2b and 2.2c exhibit three features. First,
Senders assign heterogeneous meaning to each message. That is, the meaning of message ¢
differs between the two Senders. Second, the meaning of each message is not convex. That
is, there exist states # and 6’ at which Sender i sends message ¢, even though Sender i does
not send the same message at the state af + (1 — )6’ for some a € (0, 1). Third, the meaning
of each message profile is convex. That is, if Senders transmit message profile (my, msy) at
two states 6 and €', then they transmit the same message profile at every state of the form
af + (1 — ) for a € (0,1).

These features are properties of each efficient equilibrium. Indeed, if the two Senders
assigned the same meaning to some message, then the Receiver would observe at most two
message profiles: (¢,¢) and (h,h). Therefore, he would identify at most two regions in the
state space. However, no partition with less than four regions can be optimal as we previously
argued. Hence, Senders must assign heterogeneous meaning to each message.

Similarly, Senders must assign non-convex meaning to each message. To see it, note that

the meaning of message m; for Sender i corresponds to the union of the meaning of the
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message profiles in which Sender ¢ transmits message m;. That is, the meaning of message
m; consists of the union of the meanings of two message profiles: (m;,¢) and (m;, h). Since
the meaning of each message profile corresponds to a region in Figure 2.1, and the union
of any two such regions is non-convex, it follows that the meaning of message m; must also
be non-convex. Note, this is different from the one-dimensional case, where some Senders’
messages were COnvex.

Finally, the meaning of each message profile must be convex. As a matter of fact, the
meaning of each message profile must correspond to a region in Figure 2.1. Since each such
region is convex, so is the meaning of each message profile.

This analysis highlights, under a sparse language, efficient communication requires coor-
dination among Senders and a specific structure on language use. In particular, it requires
Senders to assign non-convex heterogeneous meaning to messages, while ensuring that mes-
sage profiles carry convex meaning. The remainder of the paper examines the generality of

these results.

2.3 Model

Consider a cheap-talk model with a finite set of Senders I (|| = 2) and one Receiver. Each
Sender (she) observes a payoff-relevant state, but the Receiver (he) does not. The Senders
then simultaneously send messages to the Receiver. The Receiver observes the profile of
messages sent and chooses an action.

Let ©® < R™ be the set of states, where n > 2. It is assumed that © is a compact convex
set with non-empty interior. The state is drawn from a full-support absolutely continuous
distribution F'; with density f. Sender i’s set of messages is a finite set M; with |M;| > 2.

Note, the Senders’ language is sparse since |©| > | X ._, M;|. The set of the Receiver’s actions

el
is a compact metric set A.

The Senders and the Receiver have identical preferences represented by a utility function
u: A x 0O — R. The utility function satisfies a strict single-crossing (SSC) property and a

non-triviality condition.
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Definition 1 The utility function u : A x © — R satisfies the strict single-crossing (SSC)
property if, for each a,a’ € A and 0,6 € ©, the following holds: If u(a,8) = u(a’,0) and
u(a, @) > u(d',0"), then

u(a,af + (1 —)f') > u(d',ab + (1 — a)f'),

for each v € (0,1).

The SSC property requires the following: If players weakly prefer action a over a’ at one
state and strictly prefer a over a’ at another, then they must strictly prefer a over a’ at any
non-degenerate convex combination of these two states. So, if players rank two actions the

same way at two distinct states, the ranking cannot reverse at any intermediate state.

Definition 2 The utility function u : A x © — R satisfies the non-triviality condition if,
for each a,a’ € A, the following holds: If u(a,0) = u(da’,0) for each 0 € ©, then a = d’.

The non-triviality condition requires that the players are not indifferent between any
distinct pair of actions across all states. Throughout the paper, a utility function v : Ax© —
R that satisfies both the SSC property and the non-triviality condition will be referred to as
an SSC-utility function.

A (pure) strategy for Sender i is a measurable mapping o; : © — M;. So, o; specifies
the message Sender i sends contingent on the state. A (pure) strategy for the Receiver is a
mapping p : M — A, where M = X, ; M;. So, p specifies the action the Receiver selects
contingent on the observed message profile. It is convenient to define the joint Senders’
strategy profile, i.e., 0 : © — M, where o(0) = (0;(0))ics. Likewise, let o_; : © — M_;,

where M_; = X M;, denote the vector of all Senders’ strategies but i’s. That is,

jelj#i

o—i(0) = (0;(0))jerji-
Write

u(a, p) = f@ u(a,0)dp

for the Receiver’s expected utility of action a when his belief about the state of the world is

€ ABO. The solution concept is efficient (pure-strategy) perfect Bayesian equilibrium.
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Definition 3 A strategy profile (o, p) is a perfect Bayesian equilibrium (PBE) if there exists
some belief system p: M — AO so that the following holds:

(i) For each 6 € © and every i € I, 0;(0) € arg maX,,,cnr, u(p(mi, 0-;(0)),0).
(ii) For each m € M, p(m) € arg max,ea u(a, u(m)).
(ZZZ) FO’I“ each (H,m) S @ X M, ,u(@ | m) S]lg—l({m})(el)dF(Ql) = ]lg—l({m})<9)f(9).

A strategy profile (o, p) is a PBE if it satisfies three conditions. Condition (i) says that
each Sender will choose a message that maximizes her payoff, given that the other Senders
transmit messages according to o_;, and that the Receiver selects the action that p specifies.
Condition (ii) says that the Receiver will choose an action that maximizes his expected
payoff given the belief induced by the Senders’ message profile. Condition (iii) says that
the Receiver’s belief about the state conditional upon observing a message profile must be
derived from the prior and the Senders’ strategies via Bayes’ rule.

For a given strategy profile (o, p), let v(o,p) € R denote the induced ex-ante expected
payoff. Formally,

v(0,p) = j ul(p o 0)(6).0)dF (6).

The next definition formalizes the notion of efficiency.

Definition 4 Let (0,p) be a PBE. Say (o, p) is an efficient PBE if v(o, p) = v(do’,p'), for
each PBE (o', p').

A PBE (o, p) is efficient if (o, p) induces the maximum ex-ante expected payoff across all
PBEs. The class of efficient PBE is appealing for three reasons.? First, it is focal because
if players could coordinate on a specific PBE, they would choose an efficient one. Second,
analyzing this class provides a valuable benchmark, as efficient PBE payoffs are the highest
among the PBE payoffs of the communication game. This is similar to papers that study
the upper bound on the Sender’s gains from communication, as in the Bayesian persuasion

model (Kamenica and Gentzkow, 2011a). Finally, efficient PBE payoffs can be attained

2Typically, the common-interest communication literature pays special attention to the set of efficient
equilibria. See, for example, Crémer et al. (2007); Lipman (2025); Jager et al. (2011); Blume and Board
(2013); Sobel (2016).
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through pure strategies (See Theorem 1 in Lipman (2025)). This implies that excluding
mixed strategies is without loss of generality.
The next Proposition ensures that this equilibrium class is non-empty provided that the

utility function is continuous.
Proposition 2 Assume u : A x © — R is continuous. There exists an efficient PBE.

The proof of Proposition 2 follows a standard argument. The compactness of the state
space, message sets, and action set ensures that the set of strategy profiles is compact.
By continuity of the utility function, there exists a strategy profile that maximizes the ex-
ante payoff. This strategy profile constitutes an efficient equilibrium: since preferences are
aligned, no player has an incentive to deviate.®

For the ease of exposition, I focus on a particular class of efficient PBE. Call a PBE (o, p)
non-redundant if for every m, m’ € o(©), p(m) = p’(m) implies that m = m/. In other words,
a PBE is non-redundant if every pair of distinct message profiles sent along the equilibrium
path of play induce different responses from the Receiver.

Requiring non-redundancy is without loss of generality since every efficient PBE out-
come can be achieved by a non-redundant PBE. Intuitively, any redundant PBE can be
transformed into a non-redundant PBE by merging messages that induce the same action.
Henceforth, an efficient pure-strategy non-redundant PBE will be referred to simply as an

efficient PBE.

2.4 Results

The main results of the paper concern the structure of meaning in an efficient PBE. In the
model, two objects carry meaning: messages and message profiles. The following definition

formalizes these notions.

Definition 5 Let (o, p) be a strategy profile.

3This argument does not rely on the SSC property. Moreover, a similar reasoning applies to any game
with compact strategy sets. The key observation is that the set of equilibrium payoffs is compact since
equilibrium conditions are defined by weak inequalities. This stronger result is not stated in the paper, as
doing so would require introducing additional notation.
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(i) The meaning of message m; € M; of Sender i is o; '({m;}) = {# € © | 0;(0) = m;}.
(i) The meaning of message profile m € M is o=1({m}) = (,.; o; ' ({proj,(m)}).

The meaning of message m; of Sender ¢ is the set of states in which Sender i sends m;.
The meaning of a message profile m = (m;);cs is the set of states in which each Sender i
sends their respective message m;. In other words, the meaning of a message or a message
profile corresponds to the set of states in which it is used. The next result establishes that

efficiency requires message profiles to have almost surely convex meaning.

Proposition 3 Assume u : A x O — R is an SSC-utility function. In an efficient PBE, the

meaning of each message profile is almost surely convex.

The proof of Proposition 3 follows from the SSC property and the non-triviality condition.
To see this, first, note that in an efficient equilibrium, the ex-ante expected utility is maxi-
mized subject to the language constraints. Therefore, each equilibrium action is associated
with the set of states where it is strictly optimal. The SSC property ensures that this set is
convex.

It remains to examine the states associated with each equilibrium action, where the action
is only weakly optimal. Below, we will see that the set of such states has measure zero, so
it can be ignored. As a result, each equilibrium action is associated with an almost surely
convex set of states. Finally, because the Receiver best responds to message profiles, each
message profile must pool an almost surely convex set of states.

Note, the states at which an equilibrium action is only weakly optimal are precisely those
where there is another equilibrium action that is also optimal. The SSC property and the
non-triviality condition together imply that the set of states at which players are indifferent
between two actions forms a low-dimensional affine subspace of the state space. Before
providing the intuition behind this statement, observe that this implies that indifference is

probabilistically negligible, and therefore, so is the set of weakly optimal states.

4Formally, a set C < © is almost surely convex if there exists a convex set C’/ < © such that their
symmetric difference, CAC’, has Lebesgue measure zero. Conversely, a set C fails to be almost surely
convex if, for every convex set C’, the symmetric difference CAC’ has positive measure.
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The underlying intuition for why this set forms an affine subspace has two steps. First,
the SSC property ensures the affine structure. To see this, let § and ¢’ be two distinct states,
and let @ and a’ be two distinct actions such that players are indifferent between a and a’
at both states. Suppose, for contradiction, that there exists t € R such that players are not
indifferent between a and a’ at the state t6’ + (1 —¢)6. For simplicity, assume ¢ > 1 and that
players strictly prefer a over a’ at this state.® Observe that 6’ is a convex combination of
and t0' + (1 — t)0. Since players strictly prefer a over o’ at t0’ + (1 —t)6, and are indifferent
between a and a’ at 6, the SSC property implies that players must strictly prefer a at ¢,
which is a contradiction.

Hence, the set of states at which players are indifferent between two different actions
is either empty, a singleton, a line, a hyperplane, or the entire state space. Second, the
non-triviality condition rules out the last possibility, ensuring that this affine subspace has
strictly lower dimension. Consequently, indifference occurs on a negligible set and does not
affect the analysis.

Proposition 3 prompts the question of whether each Sender’s message must have almost
surely convex meaning in an efficient equilibrium, when players have an SSC-utility function.
The example in Section 2.2 illustrates that this is not necessarily the case: All individual
messages can lack convex meaning even though message profiles do have convex meaning.

The following theorem examines how prevalent this phenomenon is.

Theorem 5 Let |A| = |M|. There exists an SSC-utility function so that, in each efficient
PBE, the following holds: For each Sender i, the meaning of any message m; fails to be

almost surely convex.

Theorem 5 establishes that even in environments that inherently favor convexity, non-
convex meaning is essential for efficient communication. More precisely, there exists an
SSC-utility function for which the efficient use of a sparse language requires each Sender to
adopt a language that lacks convex meaning. Notably, Proposition 3 and Theorem 5 together

reveal that efficient communication relies on a subtle form of coordination among Senders.

®See Lemma 15 in Appendix A for the remaining cases.
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Specifically, while each Sender’s message has non-convex meaning, the aggregate meaning of
message profiles remains convex.

The proof of Theorem 5 focuses on constructing an SSC-utility function that induces a
unique efficient PBE outcome (up to a null set). The construction has a structure that
resembles the example in Section 2.2: The idea is to partition the state space into |M|
regions. Figure 2.3 describes how the partition is constructed for the case |M| = 6. Notice,
there is a regular polygon with |M| — 1 = 5 sides. The |M| — 1 = 5 other regions are
constructed by drawing rays from the center of the polygon through each of its vertices and
extending them to the boundary of the state space. This forms a partition of the state space

into | M| = 6 convex regions.

Figure 2.3. Induced optimal partition Theorem 5 (case |M| = 6)

The proof constructs an SSC-utility function so that each region is associated with a
distinct action that is optimal for that region. Thus, there is an efficient PBE with the
following property: Each region P} is associated with a different message profile. Conditional
upon observing the message profile associated with Py, the Receiver chooses the action
associated with Py. (In fact, this property holds for each efficient PBE, up to a null set.)

Under the construction, each region corresponds to the meaning of some message profile.
So, each message profile has convex meaning. However, the meaning of an individual message
is the union of the meanings of all message profiles in which the message appears. Refer to
Figure 2.3. The union of any two or more regions is not convex, provided the union is not
all the state space ©. Since each individual message is associated with at least two regions

and is not associated with all regions, the meaning of any individual message is non-convex.



56

Note, Theorem 5 does not apply to every SSC-utility function, but only to certain ones.
Example 1 provides an SSC-utility function and an efficient equilibrium in which one of the

Senders assigns convex meaning to all of her messages.

Example 1 Assume that a single Receiver interacts with two Senders. The state space is
© = Conv {(0,0), (0,1),(1,0)} = R?, and the common prior is uniform over ©. The Senders
message sets are My = My = {{,h}. The Receiver’s action set is A with © < A < R*. All
players have identical preferences, represented by the SSC-utility function

u(a,8) = —+/(a —0)TW (a — ),

where
1 -0.3

—-0.3 0.5

W =

That s, utility decreases with the weighted Euclidean distance between the chosen action
and the true state, with weight determined by the positive definite matriz W. Intuitively,
players want the Receiver to correctly identify the state but place twice as much importance
on accuracy in the first state component. Moreover, given an incorrect guess, players prefer
the Receiver’s errors to be positively correlated—meaning they would rather have the Receiver
consistently overestimate or underestimate both state components rather than overestimating
one and underestimating the other.

Note, as in the example of Section 2.2, the Receiver can observe at most four message
profiles. Therefore, through communication, he can learn that the state belongs to one of
K regions, with K < 4. After learning the region that the true state belongs to, he chooses
an action. If the Receiver were able to divide the state space into K regions, how should
he do so? Figure 2.4 depicts the unique solution to his decision problem. The actions
corresponding to each region are agy = (0.28.0.29), app, = (0.13,0.62), ap, = (0.86,0.06),
and app, = (0.57,0.19).
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0 1

Figure 2.4. Optimal partition with weighted Euclidean preferences

In order to construct an equilibrium that induces the optimal partition in Figure 2.4, recall
that the Receiver selects an action based on the observed message profile. Therefore, it suffices
to associate each region with a specific message profile, as Figure 2.5a illustrates. Figures

2.5b and 2.5¢ decompose Figure 2.5a into the strategies chosen by each Sender.

1 1 1

(a) Message profiles (b) Sender 1’s strategy (c) Sender 2’s strategy

Figure 2.5. Message profiles and Senders’ strategies with weighted Euclidean preferences

Observe, Sender 1 assigns conver meaning to each of her messages. Hence, the conclu-

sion of Theorem 5 fails when preferences are given by the SSC-utility function u(a,0) =

—/(a—0)TW(a - 0).

In Example 1, Sender 1’s messages have convex meaning but Sender 2’s message do not.
This raises the question of whether some Sender must use a strategy that involves non-

convex meaning. Appendix C shows that this need not be the case. In particular, it uses
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the method of proof for Theorem 5 to show that there exists an SSC-utility function and an
efficient equilibrium thereof, so that all Senders use strategies that involve convex meaning.

As a final remark, observe that Proposition 3 and Theorem 5 together provide conditions
under which efficient communication requires Senders to use language in a heterogeneous
manner. Without such heterogeneity, the non-convex meaning of individual messages could

not combine to yield the convex meaning of message profiles.

2.5 Discussion and conclusion

2.5.1 A single Sender interpretation

The model and analysis presented in this paper admit an alternative interpretation to the
multi-Sender setting. Consider a single Sender and a single Receiver. The Sender observes a
payoff-relevant state, but the Receiver does not. Upon observing the state, the Sender sends
a message to the Receiver. The Receiver observes the message and selects an action.

The sets © and A, along with the common prior and the utility function, satisfy the
assumptions introduced in the model section (Section 2.3). However, the set of messages

available to the Sender is now M = X _._, M;, where each M, is a finite set and I is a finite

el
index set. For ease of exposition, refer to the typical element m of M as a sentence. Thus,
the Sender communicates by constructing sentences of length |I|. Given a sentence m, refer

to proj,(m) as the i-th word in sentence m. Let W = | J..; M; denote the set of all words

iel
that may appear in a sentence.

For each i € I, define extended message sets M; = M; U {7}, Let M =
[ X ie; Mi\[M U {(@)ier}] denote the set of partial sentences, i.c., sentences in which some
but not all positions are unspecified (denoted by ¢F). For each word w € W, define
[w] = {m € M | 30 € I,proj,(m) = w}. That is, [w] is the set of sentences in which
the word w appears. For each partial sentence m, define [m] = {m € M | Vi e I, proj,(m) €
{,proj,;(m)}}. In other words, [/2] is the set of sentences that are consistent with 7, that
is, sentences that match the partial sentence in every specified position.

The following definition formalizes the meaning of a sentence, a word, and a partial sen-

tence under a given strategy profile.
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Definition 6 Let (o, p) be a strategy profile.
(i) The meaning of sentence m € M is o= ({m}) = {0 € © | 0(0) = m}.
(it) The meaning of the word w e W is J, [, o~ t(m).

(iii) The meaning of the partial sentence 1 € M is Unepmy @ ({m}).

The meaning of a sentence is the set of states in which the Sender uses it. The meaning
of a word aggregates the meaning of all sentences in which it appears. The meaning of a
partial sentence corresponds to the meaning of all consistent sentences.

Proposition 3 directly translates into this alternative framework.

Corollary 2 Assume u : A x © — R is an SSC-utility function. In an efficient PBE, the

meaning of each sentence is almost surely convex.

While Theorem 5 does not translate directly into this framework, its proof implies that
the union of the meanings of any proper subset of sentences fails to be almost surely convex.
This remark has two noteworthy implications. First, the meaning of a word w is context-
dependent: it depends on the word’s position within a sentence, and the other words in
the sentence. This observation relates to pragmatics, the study of how context shapes the

meaning of utterances. The second implication is formalized in the following result.

Corollary 3 Let |A| = |M|. There exists an SSC-utility function so that, in each efficient

PBE, the meaning of any word and any partial sentence fails to be almost surely convex.

Corollary 3 speaks to semantics, the study of meaning. It shows that non-convexity
of meaning is essential for efficient communication. This is the case even in very simple
languages: those with only two words and sentences of length two.

To illustrate, suppose a Sender uses a language with M; = {e,m} and My = {{, h},
where e, m, £, and h stand for extreme, moderate, low, and high, respectively. Let the state

space and the action set be the unit interval. Assume the Sender and Receiver’s utility is

6These definitions align with Frege’s context principle. It states that the meaning of an expression
is determined by the meanings of all complex expressions in which it appears. See Szabd (2024) for an
exposition.
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u(a,d) = —(a — 6)?, which is an SSC-utility function. In an efficient PBE, the state space
is partitioned into four intervals: [0, 1), [1,3), [3,2), and [2,1]. A natural language might
associate the first interval with the sentence (e, (), the second with (m,£), the third with
(m, h), and the fourth with (e, h). In this equilibrium, the meaning of the word extreme is
[0, 1) U [3,1], which is not convex.

This example (and more broadly, Corollary 3) challenges the idea, often emphasized in

the linguistics literature, that convexity of meaning is a feature of natural languages.

2.5.2  The SSC Property

This paper builds on a key assumption: the SSC property. This condition can be in-
terpreted as a convexity-based consistency requirement on preferences: if players rank two
actions identically at two distinct states, their ranking must remain unchanged at any in-
termediate state. As shown in Proposition 3, the SSC property guarantees that message
profiles have convex meaning.

Convexity of message profiles is a necessary condition for individual messages to have
convex meaning, as the meaning of a message profile corresponds to the intersection of
the meanings of its component messages. If message profiles fail to exhibit convexity, then
individual messages cannot be convex either.

Therefore, without the SSC property, neither message profiles nor individual messages
exhibit convex meaning. In the single-Sender setting, this implies that neither sentences nor
words can be assigned convex meanings. The SSC property thus provides the most favorable
environment for convexity of meaning. Yet, Theorem 5 reveals that non-convex meaning is

essential for achieving efficient communication.

2.5.83 Concluding remarks

This paper studies how to communicate efficiently in the presence of language constraints.
To this end, it considers a cheap-talk model with multiple Senders and a single Receiver.
In the absence of language constraints, achieving efficient communication is straightforward:
each Sender can truthfully report the state to the Receiver, who then selects the optimal

action in every state of the world.
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By contrast, under language constraints, efficient communication exhibits two important
properties. First, Senders use language heterogeneously. Second, Senders typically assign
non-convex meaning to individual messages, while ensuring that the meaning of message
profiles remain convex. Thus, efficient communication hinges on a specific and coordinated
structure of language use.

The model and analysis also admit an alternative interpretation to the multi-Sender set-
ting. Specifically, a cheap-talk game with a single Sender and a single Receiver, in which the
Sender communicates using sentences of finite length. At interim stages, the Sender conveys
partial information through partial sentences, which typically have non-convex meaning.
However, the meaning of complete sentences is convex. These findings underscore the sub-

tlety involved in structuring sentences efficiently.



Chapter 3

Skill Acquisition under Strategic Advice

This chapter examines strategic communication in environments where a decision-maker
can acquire a limited skill set before facing a decision problem. Using a Sender—Receiver
model, the analysis focuses on situations in which the Receiver can prepare for at most K
actions. Within the class of interval equilibria, the paper shows that the informativeness
of the Sender’s strategy decreases as the Receiver’s skill capacity increases. Despite this
tension, a higher Receiver’s skill capacity may improve overall welfare, as the Receiver’s

ability to act effectively in more contingencies may outweigh the informational loss.

3.1 Introduction

Many decision problems require a specific set of skills to be effectively addressed. For
example, an investor must possess financial literacy to make optimal investment choices,
and a firm needs a market expert to implement effective marketing strategies. Similarly,
a law student must acquire legal knowledge to pass the bar examination. In such cases,
decision-makers can typically train to develop the necessary skills before encountering the
decision problem. However, it is often infeasible to be fully prepared for every possible
variation the problem may take, as there may be a large number of scenarios and only
limited resources available to prepare for each of them.

In light of this, decision-makers may find it helpful to seek advice from experts. For
example, an investor might consult a financial expert to gain insight into future market
trends, a firm may turn to a consulting agency to identify the most suitable candidate

profile for a market analyst position, and a law student could seek guidance from professors

62
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to better prepare for the bar examination. In such cases, expert advice can help guide the
decision-maker toward acquiring the most relevant skill set.

This paper examines how an expert communicates with a decision maker via cheap-talk
messages. Importantly, the decision maker has the opportunity to acquire a skill set before
facing the decision problem. To analyze this interaction, the paper introduces a simple
Sender—Receiver model that captures the key features illustrated in the motivating examples.

There is a decision problem. The Receiver’s optimal course of action depends on an
underlying state of the world. The Sender, however, has a different objective: She is biased
in favor of higher actions. The Sender and the Receiver also differ in both the timing at
which they learn the state and in their roles: The Sender has an early informational access,
while the Receiver holds the decision-making authority. The interaction unfolds as follows.
First, the state of the world is realized. The Sender observes the state and sends a message
to the Receiver. Upon observing the message, the Receiver faces two sequential decisions.
First, he selects a skill set to acquire. A skill set corresponds to a set of actions he will be
able to perform. Second, upon choosing a skill set, the Receiver learns the true state and
selects an action from within the chosen skill set.

To reflect that it is often infeasible to prepare for all contingencies, the model assumes
that there are infinitely many possible states, but the Receiver can only train for a finite
number of actions. Formally, the Receiver may choose a skill set consisting of at most K
actions, for some K € N. Refer to K as the Receiver’s skill capacity.

The paper focuses on a particular class of equilibria, referred to as interval equilibria. An
equilibrium is an interval equilibrium if the set of states for which the Sender transmits a
given message forms an interval. An interval equilibrium is a n-step equilibrium if the Sender
transmits n different messages. Within this class, the paper shows a negative relationship
between the Receiver’s skill capacity and the quality of communication. More precisely, the
maximum number of steps an interval equilibrium can have decreases with the Receiver’s
skill capacity. In other words, the Sender is able to transmit less information to a Receiver
with a higher skill capacity.

The intuition behind this result is as follows. A Receiver with greater skill capacity is better

prepared to act across a wider range of states and therefore gains less from obtaining precise
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information. Given the divergence in preferences between the Sender and the Receiver,
this reduced informational value makes it more difficult for the Sender to credibly transmit
detailed information when the Receiver has a high skill capacity.

Section 3.3 illustrates this relationship through a simple example. It also shows that,
although a higher skill capacity hampers communication, the overall effect on welfare can
be positive. In particular, a greater skill capacity may be ex ante beneficial for both the
Sender and the Receiver, even if less information is transmitted. Intuitively, the Receiver’s
skill capacity and the information provided by the Sender are complementary in addressing
the decision problem: both allow the Receiver to act more effectively across a wider range of
contingencies. Thus, a higher skill capacity affects welfare in two opposing ways: it improves
welfare by enabling the Receiver to handle more contingencies, but it also reduces welfare
due to the loss of information. Section 3.3 illustrates that the former positive effect can
outweigh the latter negative one.

This paper contributes to the communication literature in which players may have some
form of commitment power (Kolotilin et al., 2013; Deimen and Szalay, 2019; Blume et al.,
2022; Lipnowski et al., 2022; Blume and Deimen, 2024). It specifically examines strategic
advice for skill acquisition in a cheap talk setting (Crawford and Sobel, 1982b; Green and
Stokey, 2007).

The closest paper to this one is Kolotilin et al. (2013), which also studies a Sender—Receiver
model in which the Receiver commits to a set of actions. The key difference lies in the
timing of this commitment: while they analyze the case where the Receiver commits before
any interaction with the Sender, this paper considers a setting where the Receiver commits
after observing the Sender’s message. This distinction leads to different predictions. In
their model, the Receiver faces no constraint on the number of actions he can commit to,
and they show that committing to a finite set is optimal. In contrast, the findings in this
paper suggest the opposite: the Receiver prefers to commit to as many actions as possible.
Moreover, in their setting, commitment facilitates communication, whereas in this paper,
greater commitment power hampers communication.

The remainder of the paper is organized as follows. The next section introduces the model.

Section 3 illustrates the main result in a simple example. Section 4 presents the results of
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the paper. Finally, Section 5 discusses and concludes the paper. All proofs are collected in

the appendices.

3.2 Model

There are two agents: one called the Sender (S, she) and the second called the Receiver (R,
he). The agents have state-dependent preferences over actions. Write © = [0, 1] for the set
of states. It is common knowledge amongst the agents that the state is drawn from a uniform
distribution. Write F' for the CDF of the uniform distribution and f for the associated PDF.
The set of actions is A = R. The Sender’s utility function is ug(a,6) = —(a — 0 — b)?, where
b > 0, and the Receiver’s utility function is ug(a,) = —(a — 6)?. So, the Receiver would
like to match the state, but the Sender is biased to choose higher actions.

The agents differ both in the timing of when they learn the true state and in the decision-
making authority. First, Nature draws a state 6 from ©. The Sender learns the state but
the Receiver does not. The Sender then chooses a message m from a set of messages M with
|M| = |©]. The Receiver observes the message and chooses a skill set to acquire. The set
of skill sets is some A4 < 24, to be described below. After acquiring a skill set, the Receiver
learns the true state and chooses an action a. Note, the Receiver can only choose action a
if he acquired the skills for a, i.e., if he chose some «a € A where a € a.

Observe that the Receiver makes two decisions, based on different information. First,
there is a skill acquisition stage. At that stage, the Receiver only observes a message sent by
the Sender (about the state). The Receiver chooses a skill set, i.e., a set of actions that the
Receiver chooses to learn about. The Receiver cannot obtain all skills. Thus, there is some
finite K > 1 so that

A={acA:a# & and |a| < K}.

That is, the Receiver must choose some skill (« # &F) but the skill set must have K or fewer
actions. After the Receiver chooses the skill set, he learns the true state and chooses an
action from his skill set. This is the implementation stage.

A (pure) strategy for the Sender is a measurable map ¢ : © — M. Refer to o as a

communication rule. A (pure) strategy for the Receiver consists of a pair (p,d), where
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p:M—>Aandd: M x Ax© — A, where d(m,a,0) € a. Refer to p as a skill acquisition
rule and refer to d as an implementation rule. Observe that, the communication rule, the

skill acquisition rule, and the implementation rule are assumed to be pure.

Write

ug(a, p) = f@ ug(a,0)dpy,

for the Receiver’s expected utility of action a when his belief about the state is € A©.

The solution concept is (pure) interval perfect Bayesian equilibrium.

Definition 7 A strategy profile (o, p,d) is a perfect Bayesian equilibrium (PBE) if there
exists some belief system p: M — AO so that the following holds:

(i) For each 6 € ©, o(0) € arg max,,ep us(d(m, p(m),0),0).
(ii) For each m € M, p(m) € arg maxaeq ug(d(m, a, p(m)), u(m)).
(iii) For each (m,a,0) e M x A x O, d(m,«a, ) € arg max,e, ug(a,).

() For each (6,m) € © x M, u(0 | m) §g L1y (0" )AF(0') = a(m | 0)f(6).

So, the strategy profile (o, p,d) is a PBE if it satisfies four conditions. Condition (i) says
that the Sender chooses a message that maximizes her payoffs, given that the Receiver will
choose a skill set according to the skill acquisition rule p and will then choose an action
according to the implementation rule d evaluated at the true state. Condition (ii)-(iii) say
that the Receiver will choose an implementation rule that maximizes his payoffs given the
known information and, anticipating that, will choose a skill acquisition rule to maximize
his expected payoff given the belief induced by the Sender’s message. Condition (iv) says
that the Receiver’s belief about the state conditional upon observing a message m must be
derived from the prior and the Sender’s strategy via Bayes’ rule.

The paper will focus on a particular class of equilibria, called interval equilibria. Note,
o~ t({m}) = {6 € © : 6(#) = m} is the set of states at which the Sender sends message m.
A special case will be a communication rule where each o~'({m}) is either an interval or

empty. In this case, say that o is an interval communication rule. A strategy profile (o, p, d)
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is an interval strategy profile if o is an interval communication rule. Likewise, a PBE (o, p, d)
is an interval PBE if o is an interval communication rule.

Given a strategy profile (o, p, d), write 1) for the induced outcome, i.e., ¥ : © — A defined
by

The next proposition simplifies the identification of interval PBE outcomes.

Proposition 4 An interval strategy profile (o, p,d) induces an interval PBE outcome if and

only if
(i) For each 6,0 € ©, ug(d(o(0), p(c(0)),0),0) = us(d(a(8), p(c(0)),0),0).
(ii) For each m € o0(©), p(m) € arg maxaec4 Srl(m) ugr(d(m, a, 0),0)do.

(i11) For each (m,,0) € 0(0) x A x O, d(m,a,0) € argmaxye, ug(a, ).

Proposition 4 states that an interval strategy profile induces an interval PBE outcome
if it satisfies three conditions. Condition (i) says that the communication rule is incentive
compatible for the Sender given the Receiver’s strategy. That is, the Sender does not have
incentives to misrepresent the state given the communication rule and the Receiver’s strategy.
Conditions (ii)-(iii) say that the Receiver chooses an implementation rule that maximizes
her payoffs given the known information, and anticipating that, chooses a skill acquisition
rule that maximizes his expected payoff given the information the on-path messages provide.

Proposition 4 shows that off-path behavior is irrelevant from the perspective of identifying
equilibria. To understand the result, consider an interval strategy profile (o, p, d) satisfying
conditions (i)-(iii). We can construct an equilibrium that does not change the communication
rule but does change the Receiver’s strategy. The new Receiver’s strategy is so that the skill
acquisition rule prescribes some on-path skill set upon observing any off-path message, and
the implementation rule prescribes some on-path action upon observing an off-path message.
This can be done by having the Receiver update differently conditional upon observing any
off-path message. This new belief is chosen so that an on-path skill set constitutes a best

response to any off-path message.
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3.3 An Example

To see how the Receiver’s skill capacity impacts communication, this section compares the
interval equilibria of a game in which the Receiver’s skill capacity is K = 1 with another in
which K = 2. To that end, assume the preference bias parameter is b = %. Refer to the
game with K = 1 as the low skill capacity game, and to the game with K = 2 as the high

skill capacity game.

3.8.1 Low skill capacity game

Assume the Receiver’s capacity is K = 1. Suppose the Receiver chose the skill set o = {a}
in response to message m. Then, upon observing the state, he will select the unique action
a in a. I now proceed to examine the Receiver’s skill acquisition behavior. In light of
Proposition 4, it suffices to examine the skill sets the Receiver would acquire when the state

is uniformly drawn from an interval. More precisely, the Receiver’s problem at this stage is:

1 0
max -— 8 L ug(a, ) do.

0+6
= -

The unique solution to this problem is a* = E[6 | (6,0)] =

Let us now analyze the Sender’s equilibrium communication rules. To determine the
number of steps an interval PBE may have, I examine the relationship between the lengths
of two adjacent intervals in the partition o~'(M). Suppose the Sender sends messages m
and m’ when the state belongs to the intervals (6y, 6;) and (61, 62), respectively. Write x and
2’ for the lengths of these intervals, i.e., z = 0; — 0y and 2’ = 0, — 0.

Since the Sender anticipates the Receiver’s behavior, she knows that upon observing mes-
sage m, the Receiver will acquire the skill set a = {a} = {#; — §} and will then choose action

a =6, — Similarly, upon observing message m’, the Receiver will acquire the skill set

N8

o ={d} =1{6 + ‘%/} and will then choose action a’ = 6; + %/ Therefore, the Sender must

be indifferent between these two actions when the state is 6;.
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Note, the Sender prefers actions closer to 6; + 1—16 at the state #;. Thus, actions a and a
must be equidistant from 6; + %6, implying: 6; + % —a=a—-0,— 1—16. Solving for z’ in terms
of x, we obtain 2’ = = + %1. In words, the length of the next interval increases by %1.

As a result, an interval PBE has at most three steps. To see why, suppose the Sender
could send at least four distinct messages. Then, the measure of the set of states in which
these messages are used must be at least }1 + % + % = % However, this is impossible, as the
total measure of the state space is 1. Thus, no minimal interval PBE can sustain more than
three messages.

Note that a 3-step equilibrium is characterized by two thresholds 61,60, with 0 < 6; <
0y < 1. The Sender conveys message m when the state is below #;, message m’ when the
state belongs to the interval (61, 6,), and message m” when the state is above 5. Given the
previous analysis, it must hold that ; + (6; + 1) + (61 + 3) = 1. Solving for 6;, we obtain
0, = % Consequently, 6, = % Upon observing message m, the Receiver acquires the skill
set a = {i}; upon observing message m’, the Receiver acquires the skill set o/ = {%1}; and
upon observing message m”, the Receiver acquires the skill set o = {;—Z} The next figure

illustrates the 3-step equilibrium outcome.
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Figure 3.1. Maximum-step equilibrium outcome (Case K = 1)
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3.3.2  High skill capacity game

Assume the Receiver’s skill capacity is K = 2. For ease of exposition, I will focus on skills
a € A with |a| = 2 throughout this section.!

First, consider the Receiver’s implementation rule. Suppose the Receiver chose the skill
set @ = {aj,as} in response to message m. Upon observing the state, the Receiver will

choose the action in « that is closest to the state. That is, the Receiver selects a; if the state

, and ay otherwise.

is below 4592

Now, I proceed to examine the Receiver’s skill acquisition behavior. In light of Proposition
4, it suffices to examine the skill sets the Receiver would acquire assuming that the state is

uniformly drawn from an interval. More precisely, the Receiver’s problem at this stage is:

aj+tag
1
max =
a1,a2 9 — Q 0

The unique solution to the Receiver’s problem is:

ug(ay, 0 d0+_—f , ug(as, d)do.

30 + 6 . 0+30
and a; = 1

This solution has two important features. First, the cutoff that determines the state at
which the Receiver switches from action af to a3 is %. That is, the Receiver partitions
the interval (6, ) into two equal subintervals, each associated with one of the two actions.
Second, each a] is equal to the optimal action conditional on the corresponding subinterval.

Let us now analyze the Sender’s equilibrium communication rules. As in the low skill
capacity game, I examine the relationship between the lengths of two adjacent intervals in
the partition o~!(M) to determine the number of steps that an interval PBE may have.
Suppose the Sender sends messages m and m’ when the state belongs to the intervals (6, 0;)

and (6, 0s), respectively. Let z and 2z’ denote the lengths of these intervals, i.e., z = 0 —

and 2’ = 605 — 0.

!Lemma, 7 shows that the Receiver exhausts his skill capacity in every interval PBE. Thus, this restriction
does not affect the analysis.
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Since the Sender anticipates the Receiver’s behavior, she knows that upon observing the
messages m and m/, the Receiver will acquire the skill sets o = {ay,as} = {0y + %x, 0, — ;1133}
and o = {a},ah} = {0, + ;2/,05 — ;a'}, respectively. Note, when the state is close to 6y,
the Receiver will choose action ay given (m,a), and will choose action @} given (m/, o).
Therefore, the Sender must be indifferent between these two actions when the state is 6;.

Note, the Sender prefers actions closer to #; + 1—16 at the state #;. Thus, actions ay and a)

L
16°

must be equidistant from 6, + implying: 6; + 1—16 —ag =ay —0; — %. Solving for z’ in
terms of x, we obtain 2’ = x + % In words, the length of the next interval increases by %
As a result, an interval PBE can have at most two steps. To see why, suppose the Sender
could send at least three distinct messages. Then, the measure of the set of states in which
these messages are used must be at least % +1= % However, this is impossible, as the total
measure of the state space is 1. Thus, no interval PBE can sustain more than two messages.
Note that in a 2-step equilibrium, the Sender conveys message m when the state is below
a threshold 6, and message m’ otherwise. Based on the previous analysis, it must hold that
01+ (01 + %) = 1. Solving for 6, we obtain 6; = %. Upon observing message m, the Receiver
acquires the skill set a = {1—16, 1%}, while upon observing message m’, the Receiver acquires
the skill set o = 1—76, %} Given skill set «, the Receiver selects action % when 0 < %, and 13—6

otherwise. Given skill set o/, the Receiver chooses action -= when 6 < 2. and £ otherwise.
) 16 8 16

The next figure illustrates the 2-step equilibrium outcome.
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Figure 3.2. Maximum-step equilibrium outcome (Case K = 2)
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3.3.8 Comparison

Observe that the maximum number of steps in an interval equilibrium is higher in the
low skill capacity game than in the high skill capacity game. This illustrates a negative
relationship between the Receiver’s skill capacity and the quality of communication.

However, despite this reduction in communication quality, the ex-ante expected utilities
of both the Sender and the Receiver improve as the skill capacity increases. In the low skill
capacity game, the ex-ante expected utilities of the Sender and the Receiver are approxi-
mately —0.023 and —0.019, respectively. In the high skill capacity game, these expected
utilities increase to —0.013 and —0.009, representing roughly a 50% improvement. Hence,
although higher skill capacity reduces the Sender’s ability to transmit information, it simul-
taneously improves welfare by enabling the Receiver to implement actions that are better
tailored to the realized state. This example suggests that the positive welfare effect of higher

skill capacity may dominate the negative welfare effect of reduced information transmission.

3.4 Equilibrium Analysis

3.4.1 Receiver’s equilibrium behavior

The Receiver makes two sequential decisions, each based on different information. First,
upon observing the message sent by the Sender, he chooses a skill set. Second, after observing
the realized state, he selects an action from the chosen skill set. In equilibrium, the Receiver
anticipates how he will select actions from skill sets when deciding which skill set to acquire.
Hence, it is necessary to first characterize the Receiver’s equilibrium implementation rules.

To understand what an equilibrium implementation rule entails, suppose the Receiver
chose the skill set « in response to message m, and then observes the realized state 6. The
Receiver’s best response is to choose the action a € « that is closest to 6. To formalize this,

define the set O(a | o) € © for each a € A and « € A as follows:

Oala)=[) {0€0O |unlab) > ur(d,0)}

a'ea,a’ #a
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In words, O(a | ) is the set of states for which action a yields at least as high a payoff as
any other action in «. Consequently, if the Receiver selects action a € « given the skill set

a and the state 6, then necessarily 6 € O(a | a).

Lemma 6 In a PBE, (0,p,d), the Receiver’s implementation rule satisfies the following:

For each (m,a,0) e M x Ax © and a € a,
(i) If d(m,c,0) = a, then 6 € O(a | «).

(i1) If 0 € int O(a | ), then d(m,a,0) = a.

Lemma 6 characterizes the Receiver’s equilibrium implementation rule. Item(i) states that
0 € O(a | a) is a necessary condition for choosing action a given message m, skill set «, and
state 6. However, this condition alone is not sufficient, as indifference may arise when 6 is
equidistant to two different actions a and @’ in «, making it optimal to choose either. By
contrast, Item (ii) states that when 6 € int O(a | ), action a is strictly preferred over every
other action in «a, and hence uniquely optimal given m, «, and 6.

Now, we proceed to analyze the Receiver’s skill acquisition behavior. The Receiver chooses
which skill set to acquire after observing the message transmitted by the Sender. By Propo-
sition 4, it suffices to examine which skill sets the Receiver would choose upon learning that
the state belongs to a particular interval. Moreover, the Receiver anticipates that he will
subsequently select an action optimally from the chosen skill set.

Assuming the state is uniformly drawn from the interval (6,0), the Receiver’s problem is

=
max — ug(a,d)dd
aed § — 0 2, O(ala)n (8.9) SGa

— aEx

In solving this problem, the Receiver balances the following trade-off: (i) Each ©(a | &) n
(0, 5) should have approximately equal size because the state is uniformly distributed; and
(ii) each action a € « should approximate the expected utility-maximizing action conditional
on O(a | a). That is, the Receiver aims to set a as close as possible to E[6 | O(a | «)]. The

next lemma characterizes the equilibrium skill acquisition rules.
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Lemma 7 In an interval PBE (o, p,d), the Receiver’s skill acquisition rule satisfies the
following: For each m € o(0©),

p(m) = {%(ﬁﬁwﬁ‘j: 1,...,K}

where § = inf o~ (m) and 0 = sup o~ (m).

Lemma 7 characterizes the Receiver’s skill acquisition rule in a minimal interval PBE
and yields two insights. First, the Receiver always exhausts his skill capacity. To see this,
consider a skill set o with || < K. Fix an action a € ©\«, and define o = a U {a}. Note
that, at each state, the Receiver obtains a weakly larger utility given skill set o/ than with
a. Moreover, for each state 6 € int O(a | '), he obtains strictly higher utility with o’ than
with . Since int O(a | o) has positive measure (because a ¢ «), it follows that o cannot be
prescribed by an equilibrium skill acquisition rule.

Second, the Receiver’s choice of skill sets balances the trade-off outlined above precisely:

0

For each a € p(m), ©(a | p(m)) has measure o-¢

7> and a coincides with the expected state

conditional on O(a | p(m)).

3.4.2  Sender’s equilibrium behavior

The Sender chooses a message after observing the state. Note that, in equilibrium, the
Sender anticipates the Receiver’s behavior. First, she anticipates which skill set the Receiver
will acquire in response to the message (see Lemma 7). Second, she anticipates which action
from the skill set the Receiver will implement upon learning the state (see Lemma 6).

In light of Proposition 4, the interval strategy profile (o, p, d) induces an interval equilib-
rium outcome if the Receiver’s strategy (p, d) satisfies Lemmas 6-7, and the communication
rule ¢ is incentive compatible for the Sender. The following notation is useful in character-
izing incentive-compatible communication rules. Say that the interval communication rule
o has n-steps if |0(©)| = n. That is, the number of steps represents the number of messages

prescribed by . In addition, for a communication rule with n-steps, let

O'_I(M) = {(90,01)7 (81,92), ceey (97'7,—17071)}
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where 0 = 0y < 6 < ... < 6,1 <0, =1. Define I; = (0;_1,0;) and |I;| = 6; — 0;_, for each
g=1...,n.
The next proposition characterizes the interval strategy profiles that induce an interval

PBE outcome.

Proposition 5 The interval strateqy profile (o, p,d) induces an interval PBE outcome if

and only if |1j11] = |I;| + 40K for each j =1,...,n—1, and (p,d) satisfies Lemmas 6-7.

Proposition 5 states that an interval communication rule ¢ is incentive compatible if and
only if the sizes of the intervals characterizing o satisfy a monotonic property. Precisely, the
size of each subsequent interval increases by 4bK. To understand this result, consider an

interval PBE (o, p, d). Suppose the Sender sends messages m and m’ when the state belongs

to [; and [, respectively. Then the Sender must be indifferent between max p(m) = 6;— %
and min p(m’) = 6; + ‘123';(” at the boundary state ¢;. This means that:
|15 | £j1]
e o) <o)
Solving yields:
L1 = |I;| + 4bK.
Corollary 4 There exists an n-step interval PBE (o, p,d) if and only if (n — 1)n < ﬁ

Corollary 4 reveals that the maximum number of steps that can be supported in equilib-
rium is decreasing in the bias b and the Receiver’s skill capacity K. Whereas the dependence
on b is well-known from Crawford and Sobel (1982b), the dependence on K is a new insight
in the literature. Thus, Corollary 4 can be interpreted as revealing a negative relationship

between the quality of communication and the Receiver’s skill capacity.

3.5 Conclusions

This paper studies strategic communication in environments where a decision-maker can
acquire a skill set before facing a decision problem. Importantly, the Receiver faces an

economic constraint: He may choose a skill set consisting of at most K actions, for some K €
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N. The main result shows that as the Receiver’s skill capacity increases, the informativeness
of the Sender’s strategy decreases. This occurs because a more flexible Receiver benefits less
from precise communication, making it harder for a biased Sender to credibly convey useful
information.

Despite this tension, a simple example in the paper illustrates that a higher skill capacity
can improve overall welfare. The Receiver’s ability to prepare for a broader range of con-
tingencies can outweigh the informational loss, leading to better outcomes for both parties
ex ante. These findings reveal a fundamental trade-off between skill and information acqui-
sition: while better training enhances a decision-maker’s capability, it may simultaneously
diminish the effectiveness of expert advice. An important direction for future research is
to explore how general this welfare effect is when the Receiver’s constraint is relaxed across

different communication environments.
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Appendix A

Chapter 1

A.1 Proofs of Section 2.2

Proof of Proposition 1. The statement directly follows from Theorems 2 and 3. =

A.2 Proofs of Section 1.4

Proof of Lemma 1. Assume that at the beginning of period ¢, the agents’ beliefs are
(pp, pt) with p! = g(ut). Fix an experiment 7*. Let 7; € PS[;] be the associated agent i’s
posterior spread. Write M[u!™" | ut] € M for the set of messages that induce posterior ‘™!

on ¢ given that 4 has prior ui. Then, notice that, for each i

(i) = 2 Dt (m | 0)ul(6).

meM{[u; " |uf] 0O

Moreover, for each posterior belief pf ', M[g(uy )|pt] = M[ut|pl]. Notice, Bayes rule
states that for each m e M[u™" | pt],

' (m | 0)pi(0) = i (0) (Z m'(m | 9)#2(@)

0e®

In addition, recall that
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Notice, since Supp p' = Supp pt, it follows that

=) dat(m | 0)pk(0)

meM[ut ut] OSupp pt

B ' (0)
- 33 (4

OeSupp p
r(@py ' (0)

= Z r _b t Tb(:u’Z 1)

0eSupp pt My

t—1

T Uy t—1

= (i ),
rep

where the fourth equality follows from Equation (A.1). m

Proof of Lemma 2. Fix an action a € A. Notice that the function u, : A® — R defined
by ua () = X geo ula, 0)p(0) is linear, which implies that it is convex and continuous. Hence,

observe that U(p) = maxaea uq(pt), so U is convex and continuous. ®

Proof of Theorem 1. First, we show existence. Let E' = (7!, p') be a priced experiment
that fully reveals the state at price p* = V() = U - v, — U(1p). Write o for the seller’s
strategy that selects E' at the root of the game. Write ¢ : & — Af{accept, reject} for the
buyer’s strategy such that satisfies the following: for each priced experiment ' = (7’,p') € £,

1 ifp <EL[UW))] - Uy
c(E")(accept) = P < Eo[U(w)] (1)

0 otherwise,

where 7" € PS[1,] is the posterior spread induced by #’. Finally, write « for the strategy

profile such that prescribes an optimal action given the buyer’s beliefs. That is, for each
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history h? € HO,

Supp (a(h?)) < arg max E,ofu(a,0)], (A.2)

where g is the buyer’s belief at history h°. Notice, by construction, under the profile
(0,(c,a)) the buyer and the seller have no profitable deviation at any history, so it is an
SPE. Moreover, note that (o, (¢, «)) satisfies properties (i)-(iv).

Now, we show that each SPE satisfies properties (ii)-(iv). Fix an SPE (o, (¢, «)). Notice,
each history h° € H® must satisfy Equation (A.2). Hence, after any history, the buyer’s
value from accepting an experiment F = (7,p) € € is E.[U(u))] — U(wp), where T € PS[v]
is the posterior spread induced by w. Consequently, it must be that ¢(E) = 1 if p <
EL[U()] — Ulw), and o(E) = 0if p > E.[U(40)] — U(w).

In the case where p = E.[U(u))] — U(vs), the buyer is indifferent between accepting
and rejecting, so any randomization c¢(F) € Af{accept,reject} is optimal. We will show
that the buyer must accept at least one fully revealing experiment at a price V(1) with
probability one. Suppose, by way of contradiction, that he rejects with positive probability
all such priced experiments. Consequently, the seller cannot achieve an expected revenue
of V1(1p). However, he can achieve any strictly lower payoff since the buyer would accept
with probability one any fully revealing experiment at price p, for any p € R, with p <
V(). Therefore, the seller has no optimal choice, which contradicts that the strategy
profile (o, (¢, «)) is a SPE.

As a result, the buyer must accept at least one fully revealing experiment at a price V(1)
with probability one. Since such a priced experiment yields the highest possible expected
revenue, then o must prescribe choosing one of such experiments. In conclusion, any SPE

satisfies properties (ii)-(iv). m

Lemma 8 Fiz a mapping f : AO x A® — R and let F' : A©® — R be defined by F(u) =

SUD,epsu] Byr~r Lf (s )] If f is continuous, then F is continuous.

Proof. Fix p € A©. We show that F' is continuous at u. Fix a sequence (py)gen such

that pr, € AO and limp, = p. We show limy o F(ug) = F(p). We divide the proof
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into two steps. Step one shows that limsup,_,,, V(u) < V(1) and step two shows that
liminfy o V (k) < V(p).

Step 1. Notice, since f is continuous, there is some 7 € PS[u] such that E.[f(x/, u)] = F ()
(See Kamenica and Gentzkow (2011b).) Moreover, there exist an affine mapping L : A©® — R
such that

() L(s) = B[, )] = F(p)

(i) L(y') = f(/, u) for each p’ € A(O).
Notice, since the sets AG® and A© x AO is compact, the mappings L and f are uniformly

continuous. Hence, there is some § > 0 such that || — p||ls <  implies that for each

i e DO, |f () — F(u', )| < £ and |L(u) — L{n)| < 5. So,

F(/,Lk) = sup E,u’~7" [f(lula /,Lk)]

T'ePS[uk]

< sup Epo[L(y) + 5]
7/€PS[ k]

= L) + 3
< L(p) +¢

= F(u) +e.

Note, since € > 0 is arbitrary and limg_, p = p, it follows that limsup,_,,, F(ux) < F(u).

Step 2. Write 7 € PS|p] for the posterior spread that satisfies F'(i) = Evo-[f(1, 1t)]. Note,
by Kamenica and Gentzkow (2011b), there is some finite message space M with |M| < |©|
and some experiment 7 : © — A(M) such that 7 induces 7. Let 7, € PS[ux] be the posterior
spread induced by 7 under prior belief pu.

For each m € M and each prior belief p/ write P;[m | i/] for the probability of m under
prior belief 1/ € A©. Likewise, write P,,(¢') € AO for the posterior belief induced by a
message m € M and prior belief i/ € A©. Notice that P,,(¢') and P,[m | 1] are continuous
at u. Hence, for each m e M, limy_,oo Pr[m | pg] = Pr[m | p] and limy_o0 Pon (i) = Pon(pt)-
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Moreover, since f is continuous,

;}I_IBO Prlm | el f(Ponpe)s i) = Pr[m | p] f (Pr(p), 1)-

Therefore,

lim Byor [f (0 )] = lim > 7)) (s o)

k—00 k—00
w'eSupp ()

- kh—{?o Z Pom | el f (P (per), pix)

meM

= > Pofm | plf(Polp), 1)

meM

= F(p).
Finally, notice that for each k € N,

F(ur) = sup Epo[f(1 )] = Ewor [f (1, 1))
T/ €PS[pux]

Thus, it follows that liminfy o, F'(ug) = F(p), as desired. m

Proof of Lemma 3. Fix ¢ > 1 and uj € AO. Lemma 1 ensures that for any posterior

spread 7, € PS[f] the associated seller’s beliefs about the buyer’s posterior ,uz_l are given

by 7o(uy ") = o(uy )p(us ' | up). As a result,

Eo V7 ey D= D0 Vi (e ol | h) = B [V (ol | ah)].
pp~teSupp 7,

Therefore,

Er, [U (1] = Ulpay) + B, [V (y )] = By [U (") + Vg Doyt | )] — U(pp)
= E [A" (" [ )] = Ulusy).
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From here we conclude that

Vi) = sup Eq[A (| )] = Ulpy).
7ePS[ut]

In addition, notice that condition (i) follows from Proposition 9 in the working paper
version of Kamenica and Gentzkow (2011b). As for condition (ii), observe that Lemmas
8 and 2 ensure that sup,, cpgp. Er, [AU (™' | pt)] and U(u) are continuous on gf. Hence,
Vi(uf) is a continuous mapping.

Finally, to prove condition (iii), we first show that V'™ > V' by arguing that a seller
with £ + 1 periods can offer a non-informative experiment in period ¢ + 1 and then behave
optimally from period ¢ on. Second, we show that V*(dg) = 0 for each t € N and each 6 € ©
through an inductive argument.

First, fix 4 € A© and t > 1. Notice that A" (u | p) = U(u) + Vi(u)plp | p) =
U(p) + Vi(p). In addition, observe that d, € PS[u]. As a result,

VtH(H) = sup ET[AHl(ul | )] — U(p)

rePS[u]
> Eq, [AT (W | )] = U(p)
= A (| p) = U(p)

= V().

Second, fix 6§ € ©. We will show that V!(dy) = 0 for each t € N. We proceed by induction.
Notice that V1(dy) = U - 8 — U(dg) = 0. Now, fix t > 1. Assume that V() = 0. Since
0y is an extreme point of AO, it cannot be written as a non-trivial convex combination of

elements of AG. Hence, PS[dy] = {dp}. As a result,

VIH(0g) = sup E[A™ (4| p)] = U(p)

TePS[p]
= A0 | 99)] — U(3s)
= V"(d)

= 0.
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In conclusion, V*(dy) = 0 for each t e N. =

Proof of Theorem 2. We divide the proof into two steps. Step 1 shows existence of a SPE
that satisfies conditions (i)-(iii). Step 2 shows that each SPE satisfies conditions (i)-(iii).

Step 1. We proceed by induction on T'. Notice that the base case (T = 1) is shown in
Theorem 1.

Now we show the inductive step. Fix T' > 1. Assume that, for every pair of agents’ beliefs
(ud, uT) with uI' = g(uf) at the beginning of period T', there exists an SPE (¢, (¢, a))
as described in Theorem 2 in the game with 7" periods. We will use these strategies to
construct the SPE in the game of 7'+ 1 periods. For any seller’s (non-initial) history at
period T+ 1>t =1, h, = {(EY, ' ,m" (")}, write bt = {(BY, ¢, m" (")}, for the
associated pruned seller’s history, which describes the history of play in the subgame that
starts after {5, (BT, T+ mT+1(¢T+1)}. Similarly, for any buyer’s history hf, write h! for
the associated pruned buyer’s history that describes the history of play in the subgame that
starts after {@, (BT, T+ mT+1(cT+Y), By}, Last, for every trading history h°, write h°
for the associated pruned trading history that describes the history of play in the subgame
that starts after {&F, (BT, T mT T (T,

Now, let 7#7+!

[Supp (7)] < O] and (2) V™ (1) = E-[AF (1 | 14)] = U(w). Set pT = B [U ()] = U (w),

be the experiment inducing an optimal posterior spread 7 such that (1)

~T+1

ET+1 — (7~TTH,p

and ). Consider the seller’s strategy given by:

ET ift=T+1
o(hy) =
o(ht) ift<T.
The buyer’s acceptance rule defined by:

-

1 if bt = {(z7+V pT+" )V} and p" V' < B [U(ul)] — U(wy)

c(hy)(accept) = {0 if it = {(xT pT+")} and p™ ™ > B [U (D)) — U(w)

d(hh) ift<T.

\
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where ¢ (ﬁi) is the acceptance rule in the SPE associated with the initial buyer’s belief
induced by the subgame that starts after {¢f, (ET*1 T mT+(cT+1)}.  Likewise, the
buyer’s final action rule given by «(h®) = o/(h°) where o/(h°) is the final choice rule in
the SPE associated to the initial buyer’s belief induced by the subgame that starts after
{@’ (ET+1’ CT+17 mT+1(CT+1)}.

To show that (o, (¢, «)) is an SPE, we appeal to the one-shot deviation principle. Since
(o', (c,a’)) is an SPE for any game of T periods, then no single-deviation is optimal at any
history after period T'.

Now, a buyer’s history at period 7'+ 1 is characterized by an initial priced experiment
(771 pT*t1) offered. In the case that p’ ™' < E,[U(y])] — U(ws), a buyer’s deviation would
imply a positive probability of rejection, which implies that the buyer’s continuation payoffs

T+1 which will be weakly smaller

will be a convex combination of U(v,) and E.[U(ul)] — p
than the payoff from sticking to ¢, E,[U(uf)] — p"**. In the case that p™ ™' > E [U(u])] —
U(v), a buyer’s deviation would imply a positive probability of accepting the experiment,
which implies that the buyer’s continuation payoffs will be a convex combination between
U(vy) and E [U(pl)] — p™*, which will be weakly smaller than the payoff from sticking to
c, U(w).

Finally, a one-shot deviation for the seller at the root of the game would imply choosing

7TT+1’ T+1)

other priced experiment than ET*'. A deviation to the priced experiment ( P
would imply a seller’s expected revenue of either p’ ™ + E-[VT (uf)] < E[U(pl)] —U(w) +
E+[VT(ui )] or VT(v]), which, either way, is lower than V' (13) = sup,, cpsp, Er, [U (1 )] —
U(vy) + E;[VT(ul)]. Hence, the seller has no incentives to deviate once at the root and

then conform back to o.

Step 2. Fix a SPE (o, (¢, ). To see that (o, (¢, «)) satisfies condition (i), first notice that
in any SPE, it must be that Supp a(h’) € arg max,ea E,o[u(a,0)] = arg maxae4 U(py) where
ud is the buyer’s belief at history h°. Therefore, at any trading history hi = {h%, E'} € H,
in which the buyer’s initial belief is y}, the buyer’s value of accepting the priced experiment

E' = (7', p!) is B, [U(ui )] — U(us), where 7 is the posterior spread induced by 7. As a
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result, it must be that

1if pf < B [U ()] = Ulpp)

0 if p' > E Uy )] = Ulp)

c(h})(accept) =

In the case that p* = E.[U(ul')] — U(ut), the receiver is indifferent between accepting and
rejecting the offer, so any randomization is optimal. We will show that the buyer must accept
with probability one at least one experiment inducing the posterior spread 7, that defines
Vi(ut) at a price pt = E,, [U(uh )] =U(ut). Suppose, by contradiction, that the buyer rejects
all such priced experiments with positive probability. Hence, the seller cannot achieve an
expected revenue stream of V*(u}). However, he can achieve any strictly lower payoff stream
since the buyer would accept with probability one any priced experiment inducing posterior
spread 7, at price p, for any p € R with p < E,,[U(pui')] — U(ut). Therefore, the seller has
no optimal choice, which contradicts that the strategy profile (o, (¢, «)) is a SPE.

As a result, the buyer must accept at least one such priced experiment with probability
one. Since this experiment yields the highest possible expected revenue stream, then o
must prescribe choosing one of such experiments. In conclusion, any SPE satisfies property
(i). Notice that this implies that the seller’s expected revenue stream at any given history
ht is given by V*(up) where puf is the buyer’s initial belief at period ¢ in such a history. In
particular, the seller’s ex-ante expected revenue is V7 (1), so property (ii) holds. In addition,
observe that at any on-path buyer’s history h} with initial buyer’s belief u}, we have that
the buyer accepts the seller’s offered experiment at a price p' = E,, [U(uf')] — U(p}). This
implies that the buyer’s continuation payoffs at such a history are U(uf). In particular, the

ex-ante buyer’s expected payoff is U(13). In other words, any SPE satisfies property (iii). =
A.3 Proofs of Section 1.5

Lemma 9 Assume that V € F. Then, the mapping ¢(V) : A©® — R is continuous and
satisfies ¢(V')(09) = 0 for each 6 € ©.
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Proof. Notice that V' € F implies V' is continuous. Hence, the mapping defined by f (', ) =
Uy +V(p)p(p' | p) is continuous. Thus, the mapping ¢(V)(:) : A® — R is continuous.
(See Lemma 8.)

Fix 6 € ©. Notice 7 € PS[dy] if and only if Supp (7) = {dp}. Hence

o(V)(0g) = E[U (1) + V(u")p(p | 89)] = U(g) + V' (9) — U(dp) = 0.

Therefore, (V) e F. m

Lemma 10 Fiz a pair of mappings V,W € F such that W(u) = V(u) for each p € AO,
and write S = {p € AO : V() = W(u)}. The following properties hold:

(i) For each pn€ AO, ¢(V) (1) = V(p).

(ii) For cach e A®, §(W) () > 6(V) (1)
(iii) If p(W) () = ¢(V)(w), then there is some T € PS[u] with Supp (1) € S such that

o(V) (1) = E[U (W) + V(i)p(p' | )] = U(p) = ¢(W)(p) (A-3)

Proof. We first show part (i). Fix p e A© and V € F. Since ¢, € PS[y], then

o(V) (1) = Bo, [U(1') + V(i)p(i' | )] — U(p)
=U(p) +V(wpp [ 1) = U(p)
= V(n).

We now show part (ii). Fix g € A© and notice that

o(W) (1) = sup Eo[UW)+ W (u)p(i' | )] — U(n)

T'ePS[u]

> sup E[UW)+ V(e | p)]—Ulp)

T'ePS[u]

= o(V)(n).

Now we show part (iii). Assume that ¢(W)(u) = ¢(V')(u). Notice, since ¢(V') is continu-

ous, then U(p') + ¢(V) (1) p(t' | i) is continuous in p/. Thus, there is some 7 € PS[u] with
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finite support such that

o(V)(u) = max E- [U) +V()p(' | )] =E U W) + V(i )p(p' | )] (A.4)

Thus,

o(V) () = E-[U(') + V(1)p(r' | 1))
<E(UW) + W )p(u' | 1))

= max E.[U(W)+ W )p(u'| )]
T'ePS[u]

< o(W)(1)
= o(V) (),

which implies Equation (A.3). Moreover, if ¢(V')(u') > V(i) for some p' € Supp (7), then we
obtain ¢*(V)(1) > &#(V)(u), a contradiction. Thus, ¢(V)(i') = V(i) for each p' € Supp,

as desired. =

Lemma 11 Fiz e AO. The following statements are equivalent:

(1) g(p) =

(ii) r(0) = (9’) for each 6,6 € Supp p.
(i11) p(p' | ) =1 for each ' € AO with Supp ' < Supp p.
(v) g(p') = ' for all i € A® with Supp p’ < Supp p.

Proof. Fix e AG. We first prove that condition (i) is equivalent to condition (ii). Assume

that g(u) = p. Let 6 € Suppp, then g(u)(0) = %‘;@ = u(f) > 0. This implies that

7(0) = r-u, which is independent of §. Conversely, assume that for each 6 € Supp u, r(6) = ¢

is constant. Then, g(u)(0) = %’:}9) = Lffo) = u(0).

Now, we prove that condition (ii) implies conditions (iv) and (iii). Assume that r(f) = c is
constant for all 8 € Supp p. Fix p' € ASupp p. Then, Supp i/ = Supp p. Therefore, for each
0 € Supp ¢/ < Supp p, we conclude that r(0) = c¢. Hence, g(u') = 1/ given the equivalence

between conditions (i) and (ii). Moreover, p(p’ | p) = —‘; =<¢=1
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Next, we show that condition (iii) implies condition (ii). Assume that p(y' | 1) = 1 for each

w' € AO with Supp ' < Supp . Then, for any 6 € Supp u, we have that 1 = p(dp | 1) = :(-_Z)'
Thus, 7(0) = r - 41 is constant as it is independent of 6.
Finally, notice that condition (iv) implies condition (i) since Supp p < Supp p, so g(p) = p.

Lemma 12 Fix pe AO. The following statements are equivalent:
(i) V() = 0.
(11) argmaxges E,[u(a,0)] € argmaxaes u(a, 8) for each 6 € Supp p.
(111) V(') =0 for every p' € AO with Supp ¢/ S Supp p.

Proof. Fix € A©®. We first prove that parts (i) and (ii) are equivalent. First, suppose
that V() = U-pu—U(u) = 0. Fix 6 € Supppu and o’ € A. Assume, by contradiction,
that ' € argmaxgeq E,|u(a,0)] but o ¢ argmax,es u(a,f) for some 6§ € Supp p. Hence,
U(dg) > U(p). Since U(p) = U(u), then U - > U(p), a contradiction.

Conversely, assume that arg max,ca E,[u(a,8)] < arg max,ca u(a, ) for each 6 € Supp p.
Hence, U(u) = U(dp) for all § € Supp p. Finally, U - u = U(u) which is to say V(i) = 0.

Now, we prove that part (ii) implies part (iii). Assume that for each 6 € Suppp the
following is satisfied: argmaxgeaE,[u(a,0)] < argmaxgeau(a,d). Fix p/ € A© with
Supp i/ < Suppp, and a' € argmaxgea Ey[u(a,)]. Therefore, u(a’,0) = U(dg) for each
0 € Suppp. As aresult, U/ = U(p) = Eyfu(a’,0)] = Ex[U(d)] = U - ¢ In conclusion,
Vi) =o0.

Last, we prove that part (iii) implies part (i). Note, since Supp ¢/ < Supp p, then V1(u) =
0. m

Proof of Lemma 4. First assume that vs = 15. This implies that g(u,) = up for each
ty. Thus D = . Now assume that vs = g(v,) # 15 and fix g, € int AG. Notice, by
Lemma 11, g(pp) # pp for each u, € int A®. Notice, since the buyer’s decision problem is
not trivial, there are some 6,60" € © such that arg max,ca u(a, ) N argmax,ca u(a, ') = .
Since Supp () = O, it follows that V!(y,) > 0. (See Lemma 12.) Therefore, int©® < D*.

Lemma 13 Fiz ype AO. Then, e D if and only if VZ(p) > V1(u).
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Proof. Let y € AO. First, assume that g € D, which means that u # g(u) and V() > 0.
We first show that there is some 7 € PS[u] such that E.[A%(y | u)] > E.[U - i']. To show
this, we will show the following:

(i) There is some g/ € int (ASupp p), such that A?(y/ | ) > U - .

(ii) For each 6 € © it follows that A%(0y | p) = U - 5.
So, if 7 € PS[u] is such that Supp T = {i'} U {Jy : 6 € ©}, then

Vi) = sup B [A*(u' | )] = U(p)

~/ePS[i]
> E [N (1 | p)] = U(p)
>U - p—U(p)

= V(p),

as desired.

To show condition (i), notice that ASupppu & H,—i(p). (See Lemma 11.) Moreover,
for every 8 € © for which g(u)(0) > u(6), it holds that dy € H,~,. Hence, by linearity
of p , it follows that H,.; n ASupp p is non-empty and open relative to ASuppp. Fix
W € Hy=1 n ASupp p. Notice, that V1(y') > 0. (See Lemma 12.) Thus,

N [ ) = U@) + VI p(e' | ) > U + Vi) =T - p'
To show condition (ii), fix § € © and notice that
A*(8g | 1) = U(8g) + V' (30)p(dg | 1) = U () = U - 3.

Now we show the converse. Assume, by contrapositive, that u ¢ D*. So, either V1(u) = 0

or g(p) = p. First consider the case g(p) = u. Lemma 11 shows that for for each 7 € PS[u]|
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and g/ € Supp 7, it follows that p(y' | 1) = 1. Hence,

V() = sup E[UQ) + VI )p(p' | )] = U(p)

TEPS[1]

= s E-[U (W) + V()] — U(p)

~ sup T 4] Ulm)
TePS[1]

= Vi(p).

Consider the case V!(u) = 0. Then, Lemma 12 shows that, for each 7 € PS[u] and each
p' € Supp 7 it follows that V1(y’) = 0. Consequently,

Vi) = sup E[U) + V' (u)p(u' | )] = U(p)

TePS[u]

= sup E, [U(x)]-U(p)

TePS[u]

= Vi(p).

Therefore, u ¢ D implies V2(u) = V() as desired. m

Proof of Theorem 3. We proceed by induction on ¢t € N. The base case t = 1 follows
directly from Lemma 13. Fix ¢ > 1 and assume that for each ¢t > ¢’ > 1.

(i) V¥ (') = V(') for each p' ¢ D*, and

(ii) V¥ (') > V¥ (i) for each u' € D*.
We will show that these two statements hold for ¢ + 1. Notice that V*2(i/) = V(i) for
each 1/ € AO (See Lemma 3). Thus, it suffices to show that that V*2(y/) > Vi1 (y/) if and
only if y/ € DF.

First consider the case u ¢ D*. Note that Supp (7) n Dt = & for each 7 € PS[p]. (See
Lemmata 11 and 12). Therefore, for each 7 € PS[u]| and each p/ € Supp (1), VI (y/) =
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V*'(y/). This implies that

VI () = ey ]ET[U (1) + V) p(p' | )] = U ()

= sup E [U() + V' (i)pp' | p)] = Up)

TePS[p]

=V (),

as desired.

Now consider the case p € D*. We show that V'™?(u) > Vi*1(u) by contradiction.
Suppose ¢(VIT) (p) = Vi*2(p) = VI (u) = ¢(V')(n). Then, by Lemma 10, there is some
7 € PS[u] such that

VI () = E[UW) + V(i )p(u' | )] = U(p) = VI (),
and Supp (1) < {y/ : VI*! (/) = V(') }. Moreover, by conditions (i) and (ii), it follows that
Supp (1) € AG\D* = {p/ - V(') = V' (i) }.
Therefore,

VI () = B [UW) + VI ()p(e | 1)) — U(p)
= E[U() + V7 )p(p' | 1)) = Ulp)

< sup E[U() + V7 )p(u' | )] — U(w)

TePS[u]

= V().

Which contradicts condition (ii). Therefore, we conclude that V2 (u) > V1 (), as desired.
]
Lemma 14 Let § € arg maxpeo{r(0)}. Then, p(d; | ) = 1 for each ju € A(O).

Proof. Note that, by definition of p, for each p, € AO, p(65 | p)p(ts | 95) = 1. Hence, it
suffices to show that p(u | 65) < 1 for each p, € A©. Notice, for each 6 € O, p(dg | §y) =
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% < 1. Thus, since p(u | 04) is linear in p, if follows that p(u, | d5) < 1 for each py, € AO.

—

Proof of Lemma 5. We first show part (i). Fix u, € A(©). First we prove that for the
mapping
Ay | o) := Ul) + By) - p(pty | o)

is weakly concave in p;. To show this, note that

Ap(py | 1) = Ul) + B(py) - p(py | 1)
Uy) + V) - p(65 | 1) - oy | 1)
U(p) + V() - p(05 | 1)

= Uluy) + (Azu;w) U(6) - U(ué)) (85 | 1)
[

= —U() (p(S5 | 1) = 1) + p(0 | ) D 1 (6) - U(Gp).
0e®

In addition, note that p(d; | 1s) = 1. (See Lemma 14.) Hence, for each p, € A(O), the
mapping Ag(- | up) is the sum of a weakly concave function and a linear function. Hence,

it is weakly concave. Thus, for each p,

sup B [Ap(, [ )] = Ap(ps | o).
TEPS[11p]

We now show that B is a fixed point of ¢. Fix p, € A© and note that

¢(B) () = sup E [Ap(u, | 1)) — Up)

rePS[uy]
= Ap(p | o) — Ulps)
= B(u) - plps | 1)

= B(m),

where the third equality equation follows from definition of Ag. This shows that B is a fixed

point of ¢.
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We now show part (ii). Fix p, € A(©) and notice that p(d; | 5) = 1. (See Lemma 14).
Hence, B(uy) = V' (w) - p(65 | pp) = V(ip), as desired. m

Proof of Theorem 4. First we show that V*(u) < B(u) for each ¢ € N and each belief
p € A(©). We proceed by induction. Notice that V() < B(-) (See Lemma 5). Now, assume
that V!(-) < B(-) for k = 1. Therefore, by monotonicity of ¢, for each u € A®, it follows
that

(See Lemma 10.)

This implies that (V*(u))wen is @ bounded increasing sequence and hence it has a limit.
Write V*(u) = limy_o VE(p).

We first will show that V* satisfies the following: for each u;, € A©,

VZ(u) = sup E-[U) + V(W) - p(p' | )] = Ulp). (A.6)

TePS[u]

To show this, first fix 7 € PS[u] Notice, since V! < V®, it follows that

E[UW)+ Vi) - p(p' | )] SE[UW) + VW) - pli | )] (A7)

In addition, notice that for each t € N, the mapping U(x') + Vi (i') - p(i’ | p) is bounded
by the continuous mapping U(y') + B(i') - p(p/ | n). (See Equation A.5.) Then, by the

Dominated Convergence Theorem,

E-[U () + lim VE(') - p(p' | )] = lim B [U (') + V(') - p(” | )] (A.8)

t—0o0

Finally, notice that, by definition of V**1,

E-[U(W)+ V(') plp' | )] = U(p) < V(1) (A.9)
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Therefore,

VE(p) = lim V" ()

t—00

= lim sup E-[U(x) + V() p(u' | w)] = U(p)

t—=00 +epg[u]

< sup E[U(W) + V=) ple | )] = U(p)
TePS[u]

= sw ]ET[U () + i V(') - p(p | )] = U ()
TEPS[p

= sup Um E [U() + V(1) - p(u' | w)] = U(p)

rePS[p] t®

< sup lim V()
rePS[p] t®

= V=(p),

where the first inequality follows from Equation(A.7), the fourth equality follows from Equa-
tion (A.8), and the last inequality follows from Equation (A.9). This shows Equation (A.6).
Notice that V*(dg) = 0 for each # € ©. Thus, to show that V* € F is suffices to show
that V* is continuous.
Fix p € AO and let (ux)ren be a sequence such that pu, € AO and limpy, = p. We
show Im V*®(u,) = V*(u). We divide the proof into two steps. Step one shows that
lim supy_,, V* (1) < V() and step two shows that liminfy_,., V() < V().

Step 1. Let f: AO x AO© — R given by f(u/,pn) = U(y) + V=(u')p(p' | 1). Notice, by
Equation (A.6)
V() = sup B [F(d )] - Ul)

7ePS[4]

Notice that f is bounded since U(p') + V= (u)p(p' | p) < U(w') + B(p')p(p' | pt). Thus,
there exist an affine mapping L : A©® — R such that

() L) = f(i, 1) for each i € A(G).

(ii) L(p) = sup, E-[f(¢', p)]-

Let M > 0 be a bound of V*(-). Since the set A® x A©O is compact, the mapping p is

uniformly continuous. Hence, there is some ¢ > 0 such that ||y — ug||eo < d implies that for
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each p' € A©,
p(p | ) < p(i' | 1) + 557

Then, for each 1’ € A©O,

VE )W | ) < V(W )p(p | 1) + 5.

Thus,
Fs ) =UW) + V2 ) p(p' | i)
<UW) + V= )p(p' | p) +§
= f(u',p) + 5
< L(p') + 5.
Consequently,

V() = sup E-[f(u, pu)] — U(pe)

TePS[1]

< sup E,[L(p)+35]-Up) +3
TePS[u]

= L(p) = U(p) + ¢
= Slj:p Er[f(:u/v :u)] - U(HJ) +e

=V*p) +e.

This implies that limsup,_,., V(1) < V®(u) + €. Moreover, since ¢ > 0 is arbitrary it

follows that lim sup,_,., V*(ug) < V*(u).

Step 2. Fix ¢ > 0. Notice, there is some K € N such that V*(u) > V*®(u) + 5. Moreover,
there is some § > 0 such that ||, — |l < & implies VZ(uy) > VE(u) + £. Therefore, if
|| — ploo < 9, then

VO ) = VE () = VE(u) — £ 2 V2 () — e

N ™M
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Therefore, liminfy_,, V= (u) = V() — . Moreover, since the € > is arbitrary, it follows

that iminfy o V() = V(). m



Appendix B

Chapter 2

B.1 Proofs of Propositions

Proof of Proposition 2. Let S denote the set of strategy profiles. Since ©, M, and A are
compact spaces, S is also compact. Moreover, since u is continuous, so is v (see Theorem 1
in Milgrom and Weber (1985)). Hence, by the Weierstrass theorem, there exists a strategy
profile (o, p) € S that maximizes v.

Now, consider a Senders’ strategy profile o’ : © — M defined such that ¢’(6) = m only if

u(p(m),0) = u(p(m'),0) for all m" e M.

That is, ¢’ maps each state to a message that induces an optimal action in p(M). Conse-

quently, for each 6 € ©, we have

u((pea’)(0),0) = u((peo)(0),0).

This implies that v(o’, p) = v(o, p), meaning that (o’, p) is also a maximizer of v.
Furthermore, observe that (o', p) constitutes a Bayes-Nash equilibrium. Since the Senders
induce an optimal action in p(M) for each state, no unilateral deviation is profitable. Simi-
larly, the Receiver attains the highest possible expected utility, ensuring he has no incentive
to deviate.
Since every off-path response can be replaced by an on-path response, every Bayes-Nash
equilibrium outcome can be induced by a PBE. In conclusion, an efficient PBE exists.

97
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Corollary 5 If (0,p) is an efficient PBE, then v(o,p) = v(o’,p') for each strategy profile
(@', p").
The next definition and lemmas are instrumental in the proof of Proposition 3.

Definition 8 Let V <€ W < R". The set V is affine relative to W if, for each x,y € V and
teR,
te + (1 —t)ye W implies tx + (1 —t)ye V.

A set V is affine relative to another set W if, for any two points in V', the line segment
connecting them that lies in W is contained in V. In other words, V nW is an affine subspace
of W. More explicitly, V n W is either empty, a singleton, a line, a hyperplane, or equal to
VnWV.

Lemma 15 Let a,a’ € A. The set {0 € int O | u(a,l) = u(a’,0)} is an affine set relative to
int ©.

Proof. Take 6,60 € int © and t € R. Let 6" = 0’ + (1 —t)f. Suppose, for contradiction, that
u(a,0) = u(d',0) and u(a,d) = u(d', ), but u(a, ) # u(da’,0"), despite 0* € int ©. Without
loss of generality, assume that u(a, ") > u(d’,0").

Consider the following cases:

(i) If t € {0,1}, then 6" is either 6 or ¢, which contradicts the assumption that u(a,6") #
u(a, 6").

(i) If t € (0,1), then 6" is a convex combination of § and #'. Since § € int ©, we can choose
6 € int © such that 6 is a convex combination of § and 6*. Then, the SSC property
implies that

~ ~

u(a, ) < u(d,0),

since otherwise u(a, 8) > u(a’, ), contradicting the initial assumption. However, since

0" is also a convex combination of § and @', the SSC property then implies
u(a,0") < u(d, "),

which contradicts our assumption that u(a, ") > u(a’, 6%).
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(iii) If ¢ ¢ [0, 1], then either 6 is a convex combination of § and %, or vice versa. Assume,
without loss of generality, that ¢’ is a convex combination of § and 6. Since u(a, ) =

u(a’,0) and u(a,0") > u(a’, "), the SSC property implies
u(a,d') > u(d,0),

which contradicts our assumption that u(a, ") = u(a’, ).

Therefore, it must be that u(a,0") = u(da’, 6"), completing the proof. m

Lemma 15 establishes that the SSC property implies that the set of states where two
actions yield the same utility is affine relative to the interior of the state space. Therefore,
the conjunction of the SSC property and the non-triviality condition ensures that such
indifference occurs on an affine set of dimension strictly lower than n, and is thus negligible.

The next corollary formalizes this.

Corollary 6 Letu: Ax O — R be an SSC-utility function. Then, for every pair of distinct

actions a,a’ € A, the set

{0€0 | u(a,0) = u(d',0)}
has measure zero.

Proof. Let ©. = {0 € © | u(a,0) = u(d’,0)}. Observe that
O.< (0. nintO) U 7O.

By Lemma 15, the set ©. n int © is contained in an affine subset of int ©@. Due to the
non-triviality condition, this affine set must have dimension strictly less than n, and hence
has Lebesgue measure zero in R"™.

Moreover, since © is convex, its boundary 00 also has Lebesgue measure zero (see Theorem
1 in Lang (1986)).

Therefore, ©.. also has measure zero. =

Define sets O(a | A) = Nociwzall € O] ula,0) > u(d,0)} and O(a | A) = Nweiarall €
O | u(a,0) = u(d’,0)}, for each A = A and a € A. In other words, O(a | A) is the set of
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states in which action a € A is uniquely optimal among all actions in A. Similarly, O(a | 121)

corresponds to the set of states in which action a € Ais optimal among all actions in A.

Lemma 16 For each finite A € A and a € A, it holds that ©(a | A) = ©(a | A) almost

surely.

Proof. Observe that

O(a| A cB(a|A)cO|A)u U {6 €0 ]|u(a,b)=u(d,06)}

a,a’eA
a#a’

By Corollary 6, the union on the right-hand side has measure zero, as it is a finite union

of null sets. This completes the proof. =

Proof of Proposition 3. Let (0, p) be a non-redundant efficient PBE. By Corollary 5,
we have v(o, p) = v(d’, p’) for every strategy profile (¢’, p'). Note that, given the Receiver’s
strategy p, state-wise optimization requires Senders to associated each state # with a message
m satisfying u(p(m),0) = u(a,0) for all a € p(M). Equivalently, the Senders’ strategy profile

0 : 0 — M is state-wise optimal given p if

O(p(m) | p(M)) = 67 ({m}) = O(p(m) | p(M)).

Thus, for each m € M, it follows that o=*({m}) = 67!({m}) almost surely. Moreover, by
Lemma 16, we have 671 ({m}) = O(p(m) | p(M)) almost surely. Consequently, c~!({m}) =
O©(p(m) | p(M)) almost surely. Finally, observe that ©(p(m) | p(M)) is a convex set, as it is

the intersection of convex sets. This implies that o=({m}) is almost surely convex. m

B.2 Proof of Theorem 5

This appendix contains the proof of Theorem 5. The proof proceeds in three steps. The
first two steps establish the result for a bi-dimensional state space, while the final step

extends the argument to any multidimensional state space.
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Before detailing the proof, I outline the first two steps and explain why they suffice to

establish Theorem 5 in the bi-dimensional case:

e Step 1: Constructing preference relations

This step defines a preference relation over actions for each state. For any pair of
distinct actions, the preference relation satisfies two properties: (i) the set of states in
which players are indifferent between the two actions is either empty or a hyperplane,
and (ii) one action is weakly preferred to the other either throughout the entire state
space or within a closed half-space. This ensures that any utility representation is an

SSC-utility function.

In addition, the preference relations are such that there are exactly | M| ex-post optimal
actions. That is, there exists a set of |M| actions such that, at every state, one of
these actions is optimal. Note that the set of states in which each of these ex-post
optimal actions is uniquely optimal is convex, due to the properties outlined above.
However, the set of states where two or more—but fewer than |M|—of these actions

are simultaneously optimal is, in general, not convex.

This ensures that, if a utility representation exists, then in any efficient PBE, the
meaning of message profiles is almost surely convex, whereas the meaning of each

individual Sender’s message is generally not.

e Step 2: Constructing a utility representation

This step constructs a utility function that represents the preference relations defined
in the previous step. As previously outlined, any utility representation is an SSC-utility
function, and in any efficient PBE, the meaning of each Sender’s message is not almost

surely convex. Note, this completes the proof.

Now, I move on to the details of each step.

B.1. Step 1: Preference relations

Assume, without loss of generality, that 0 € int ©. Let € > 0 be such that B.(0) < int ©,
and pick an arbitrary 6y € B.(0)\{0}. Let r : R* — R? denote the clockwise rotation about 0



102

by an angle of ﬁ radians. For each ¢ € Z, let r? denote the ¢-fold composition of r with

itself (where 7+

of r).
Let J" = {0,1,...,|M| — 2}. Define 6; = r%(6,) for each j € J'. Define the function
g:J xJ — J by

represents the counterclockwise rotation by the same angle, i.e., the inverse

. k—(+1) if 1 <k,
9(j. k) =
M| —2+k—j ifj>k.
Note that g(j, k) counts the number of elements between j and the smallest &’ > j such that
kK =k (mod |M| —1).
For each distinct pair j, k € J', define the (closed) half-space

Hj, =1{0€ 0 |rUM(0;) -0 = 0}.

Note, 79U:K)(6,) bisects the angle between 6; and 6. Let s : R? — R? denote the clockwise

rotation about 0 by an angle of 7 radians. In addition, for each j € J', define
Hjjp1 = {0€0(0.50; +0.5/M73(6,)) - 6 = (0.50; + 0.5rM173(6;)) - 5(6;)},*

and Hygj-1j = ™= (Hjjagp-1).
Let J = {0,1,...,|M| —2,|M| — 1}. The previous constructions define a collection of

half-spaces {H, i} ;xes.j2k- Figure B.1 illustrates this construction for the case |M| = 6.

r r r
Hy,
H,
0 0,2 0
0
r (o) %(60) 3(6o) Hy 4

Figure B.1. Half-spaces Hy ; for j € J with j > 0. (Case |M| = 6)

'Note that H; |y is well-defined since 7™1=3(0;) # —6;. Indeed, r™1=3(6;) corresponds to ¢; rotated

about 0 by }%I:?TF radians. Thus, r/™1=3(0;) and —6; have different directions.
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Now, pick |M]| distinct actions, and let A = {ao,a1,...,am -1} denote the set of such

actions. For each 0 € ©, define a preference relation >4 on A as follows
aj >g ar ifand only if a; =ap or (a; # a; and 0 € H,y).

The next lemmas are useful to prove that each preference relation is complete and transi-

tive.
Lemma 17 For each j, k€ J' distinct, Hy; = r™M=1(H; ;).

Proof. Assume, without loss of generality, that j < k. First, observe that

0, = r2F(0y) = r2E=DF2(gy) = r2E=D) (12 (0y)) = r2*=9)(g,).

J

In addition, note that
Therefore,

roUd) (g,) = pIMI=3=0Gib) (263 (9 )

_ 7,|M\—1+k—(j+1) (ej)

= pIMI=L(p9(Gk) (6,)).

Thus, the direction of Hy, ; is obtained by rotating the direction of H;j by m radians around

the origin. In other words, Hy; = r™MI=1(H;,). =
Lemma 18 For each j, k,l e J' distinct, H;, n Hy,; < Hj;.

Proof. Let d;, di;, and d;; denote the directions of H,, Hy;, and H;;, respectively. It

suffices to show that there exist A, Ay = 0 such that

dj,l = >\1dj,k + )\2dk’l.
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To see this, assume 6 € H;, n Hy;. That is, dj; -0 = 0 and dy; - 0 > 0. Then,
(Mdjx + Xadiy) -0 =0

for any A, Ay = 0. Figure B.2 illustrates the relevant cases in which d;; = A\idjr + Aodiy

holds.
1 djy

djk
di

(a) Clockwise angle between d; j and dj; is smaller (b) Clockwise angle between d; ;, and dy; is larger
than 7 than 7

Figure B.2. d;; = \d;; + Aady; for some A\, Ay =0
Note that H;;,, = r—9U* (H;,) since Hj; = r99Y(H, ;,1). Therefore,
HjJ — rg(j’l)<Hj,j+1> — Tg(jJ)ig(j’k)(Hj’k)’

and so d;; is obtained by rotating d;j clockwise g(j,1) — g(j, k) times. Considering only

positive clockwise rotations and discounting full rotations, we obtain

f

l—k ifl>k>jorj>1>k,

9,0 —g(.k) = 2(M|-1)+(—k) ifk>I>jorj>k>l,

(|IM]—=1)+ (I —k) otherwise.

\

Similarly, Hy; = rg(k’l)(Hth) and Hypp1 = rfg(k’j)(Hk,j). Also, Lemma 17 implies
Hy; = rMI=1(H;,). Hence,

Hy., = rg(k’l)(Hk f1) = rg(k’l)_g(k’j)(ij) — 7a\1‘4I—1+9(7<3J)—g(’w')(Hj )
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S0 dy is obtained by rotating d; s, clockwise |M|—1+g(k,l)—g(k,j) times. Again, accounting
for only positive clockwise rotations and discounting full rotations, we get

-

l[—j ifl >k>j,
]M]—1+g(k:,l)—g(k,j)=<2(|M|—1)+(l—j) if j>k>1,

(|IM]—1)+ (l—j) otherwise.

\

Therefore, it suffices to show the following implications:
o If[M|=1+g(k,l)=g(k,j) < |M[=1, then [M| =1+ g(k,1) = g(k,j) > g(j,1) = 9(j; k).
o If|M[=1+g(k,1)=g(k,j) > [M| =1, then [M|=1+g(k,l) = g(k,j) < g(j,) =9(j, k).
We proceed by cases:
Case j <k <l:|M|—1+g(k,1)—g(k,j) =1—j < |M|—1, so we must show [ —j > [—k,

which simplifies to j < k, true by assumption.
Case j <l <k:|M|—1+g(k,1)—g(k,j)=|M|—1+4+({—j)>|M|—1, and we must
show |[M|—1+ (I —j) <2(]M| —1) + (I — k), which reduces to k — j < |M| — 1, true

since k — j < |M| — 2.
Case k <j<l:|M|—14(l—j)>|M|—1, and we must show |[M| -1+ (I —j) <

(|[M| — 1) + (I — k), which reduces to k < j, true by assumption.
Case k <l <j: M| -1+ (l—j) <|M|—-1, and we must show |M| -1+ (I —j) >
2(|]M| —1) + (I — k), which simplifies to j — k < |[M| — 1, true since j — k < |M| — 2.

Casel < j<k:|M|—1+(l—j) <|M|—1, and we must show j < k, which holds by

assumption.
Case l <k <j: |M|—1+ g(k,l) —g(k,j) =2(|M| —1)+ (Il —j) > |M|—1, and we
must show 2(|M| —1) + (I —5) < (|M] — 1) + (I — k), which simplifies to k < j, true

by assumption.

This completes the proof. m
Lemma 19 H;, n Hy; < H;;, for each j, k,l € J distinct with one of them being | M| — 1.

Proof. Assume, without loss of generality, that [ = [M| — 1. We will establish that H;; n

Hy -1 © Hjjmj—1. First, observe that {6; | [ € J'} is a collection of [M| — 1 equally spaced
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directions relative to 6. Therefore, the set {s(6;) |l € J'} consists of | M| — 1 equally spaced
vectors. These vectors determine the vertices of a regular polygon with |M| — 1 sides, which
we denote by 1.

Now consider d; := 16; + $r1™1=3(¢;), which bisects the angle between 6; and r1™1=3(6;).
Since 6; and rMI=3(9;) are symmetric around d;, their orthogonal directions +s(6;)
and +s~1(rMI=3(9;)) are symmetric around the direction orthogonal to d;.  Hence,
one of the two pairs of opposite orthogonal vectors — either {s(6;), s~*(r'™I=3(¢;))} or
{s71(0;), s(r'™=3(6,))} — must lie along the same line. By definition, s(f;) lies on the

boundary of Hj -1, and thus s~ (r™1=3(¢;)) must lie on this boundary as well.

Next, note that the angle between ; and 7™1=3(9;) is I%I:i’ﬂ', so the angle between s(6;)
_ _ . M|—-3 T s
and s71(rMI=3(9;)) is 7w + Ilelﬂ = 2 — IMZﬁ = _\MQﬁ mod 2. Hence,

sTHrMI3(0;)) = 72 (s(6))) = s(0;-1).

Therefore, the side of the polygon Pz -1 determined by the consecutive vertices s(6;) and
5(0;-1) lies on the boundary of H; 1.

On the other hand, observe that Hy ns—1 = 72*) (H; ar-1). Thus, Hj -1 and Hy a1
are symmetric with respect to the line defined by the boundary of H;;, which is orthogonal
to 790K (9,) — the angle bisector of §; and 6. In other words, the boundary of H;, k serves
as the axis of reflection between Hj |y —1 and Hy, pr—1.

Since Hjy, is the half-space on one side of this reflection axis, the intersection Hj N Hy, a1
is the portion of Hj, -1 that lies on the same side of the axis as Hjy;—1. But because
the two regions are symmetric and Hj selects the side containing Hj s —1, this intersection

must lie within Hj |y —1. That is, Hjp 0 Hyjap—1 S Hjjpj—1. ™
Proposition 6 For each 6 € O, the preference relation >¢4 is complete and transitive.

Proof. Let 0 € © and a;, ax,a; € A,

(i) If j = K, then a; >4 ay.

If j # kand j, k < |M|—1, then Lemma 17 ensures that H; ;U Hy; = ©. Consequently,

0 e Hjy or 0 € H;. In other words, a; >4 a; or a, >¢ a;.
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If j # k and either j = |M|—1or k = |M|—1, then H,; v Hy; = © by construction.

Consequently, a; >¢ ai or a, >¢ a;.

In conclusion, >4 is complete.

(ii) Assume that a; >¢ a; and a;, >¢ a;. Note, if two of the indices are equal, then a; >¢ q;.

If j,k,1 are distinct, then 0 € H;, n Hi;. Note, Lemmas 18 and 19 ensure that
Hj, n Hyy < Hj;. Therefore, 0 € H;;, which means that a; >¢ a;. In conclusion, > is

transitive.

Remark 1 Fiz a; € A. Observe, action a; is optimal at state 0 if and only if 0 belongs to

ﬂk?&j’keJ Hj . Consider the following cases:

(i) Assume j = |[M| —1. As Figure B.3a illustrates, (.., Hjmj—1,; corresponds to the

jeJ’

polygon Py—1 and all states within.

(ii) Assume j € J'. As Figure B.3b illustrates, ﬂk#j,kej H; . corresponds to the region
outside of the polygon P—1 limited by the rays connecting the origin with s(0;-1) and
the origin with s(6;).

Qo e Qy

(431 Qo

o |
(@) Nj=s Hs,5 (b) M=o Ho,j (c) Optimal Partition

Figure B.3. Set of states in which action a; is optimal. (Case |M| = 6)

Figure B.3c illustrates that the previous construction the state space into |M| almost surely
convex regions, with the following property: The union of any subset of the partition is almost
surely convex only if the subset contains zero, one, or all |M| regions. To see this, consider

two cases. Suppose, first, that the union includes the regular polygon. Since there are |M|—1
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outer regions, the union must omit at least one of them. In particular, there will be two
adjacent outer regions such that only one is included. As a result, the union corresponds to
a polygon that has an internal angle greater than m radians, so it fails to be almost surely
conver.?

Now suppose the polygon is not included in the union. In this case, the union consists
solely of a subset of the outer regions. If all outer regions are included, the resulting set
fails to be almost surely convex. If only some outer regions are included, the union is either

disconnected or forms a polygon with at least one internal angle exceeding w. In either case,

the union fails to be almost surely convex.

B.2. Step 2: A utility representation

Fix # € ©. Since the preference relation >4 on A is complete and transitive, and A is
a finite set, it admits a utility representation. Let g : A — R be such a utility function,
normalized so that min,_; tg(a) = 0.

Now, observe that A is either finite or countable because it is a compact metric space.
Hence, the set difference A\A is at most countable, and we may index its elements by

A < (0,1); that is, A\A = {a)}rea. Define an extension of iy to all of A by

Gg(a) ifae A,
ugp(a) =
—A if a = a, for some \ € A.

By construction, arg maxae ug(a) = argmax,_; tg(a).

Now define u : A x © — R by u(a, ) = ug(a). Observe that for each 6 € ©, an action a*
maximizes u(-,#) if and only if a* € A and a* >4 a for all & € A. Thus, for any measurable
function g : © — A such that u(g(),0) = u(g'(6),0) for all measurable ¢’ : © — A, it must
be that g(©) = A and, for each j € J, g~'(a;) is almost surely equal to (Misj ke Hik-

Since |M| = |A|, there exists a PBE (0%, p*) with p* o 6* = g, so (c*,p*) is efficient.
Moreover, any efficient PBE (o, p) must satisfy p o 0 = g almost surely. That is, g is the

unique outcome of any efficient PBE.

2Formally, there are open balls Bs() and Bs(6') almost surely contained in the union and « € (0, 1) such
that Bs(af’ + (1 — «)0) is almost surely contained in the complement of the union.
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B.3. Step 3: Extension to higher dimensions

The argument naturally extends to higher dimensions by selecting 6y in B.(0) and re-
stricting attention to the X Xs-plane. With this modification, the convex regions depicted
in Figure B.3 become prisms. Formally, assume that © < R” for n > 3. Pick 6, in the
intersection of B.(0)\{0} and the X;Xs-plane, and follow the same construction as before.

Then, each set S defined previously becomes [S x R" 2] n ©. Note that [S x R" 2| n O is

almost surely convex if and only if S is almost surely convex. Thus, the proof carries over.

B.3 Scope of Theorem 5

Let § = (0.3,0.3). Let r : R? — R? denote the clockwise rotation about # by an angle of

s 1

7 radians. For each ¢ € Z, let r? denote the g-fold composition of r with itself (with r~
denoting the inverse of r).

Let J = {0,1,2,3}. Define the function g : J x J — J by

‘ k—(i+1) ifj<k,
9(J, k) =
3+k—j5 ifj>k

Note that g(j, k) counts the number of elements between j and the smallest &’ > j such that
k' =k (mod 4).

Let o = (1,0). Define n;), = r9@"+2(ny ) for each distinct j,k € J. Finally, define
Hip=1{0€0O |n-(0-0) =0}

Now, pick distinct actions ag, a1, as, az € A, with ag = (0,0). Let A= {ag, a1, as,as}. For

cach 6 € ©, define the following relation on A:
a; >¢ ay if and only if j = k or 0 € Hj.

Proposition 7 For each 6 € O, the relation >4 is complete and transitive.

Proof. Fix 0 € © and, let a;,ax, a; € A.
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Note that if j = k, then trivially a; >4 a;. Now assume j # k, and without loss of

generality, suppose 7 < k. Observe that

Hy; = Tg(k’j)+2k(Ho,1) and Hy, = T_g(j7k)_2j(HJ' k)-

’ )

Substituting the second equation into the first gives:

Hyj = o) =9GR¥20-0) (T ).

Since g(k,5) — g(j, k) =4+ 2(j — k), it follows that:
Hy,j = r*(Hjp),

which implies that Hjy, ; is a m-radian rotation of H, about 6. As aresult, H,, U Hy ; =

©. Consequently, for any ¢ € ©, either a; >4 a; or a; >¢ a;.

Assume a; >4 a and a, >4 a;. Note, if at least two actions are equal, then trivially
a; >¢ ap. Now assume all actions are different, and without loss of generality, suppose
J < k < l. That is, we know that 6 € H;, n Hy;. We want to show that 0 € H,;. It

suffices to show that 7;; = A\in;x + A2nk,, for some Ay, Ay > 0.
Since

HjJ — rg(j,l)<Hj,j+1> — Tg(jrl)fg(jvk)(ij)’

and so 7, is obtained by rotating n; ; clockwise g(j,1) —¢g(J, k) times. Considering only
positive clockwise rotations and discounting full rotations, we obtain g(j,1) — g(j, k) =

[ —k.

Similarly,
Hk,l f— Tg(kvl) (HkJC-‘rl) — rg(kvl)_g(kﬂ)(HkJ) - r3+g(kvl)_g(k7]) (Hj,k‘)7

S0 7y, is obtained by rotating n; clockwise |M| —1 + g(k,1) — g(k, j) times. Again,

accounting for only positive clockwise rotations and discounting full rotations, we get
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3+ g(k,l) —g(k,j) =1 — j. Therefore, it suffices to show that [ — j > | — k, which

simplifies to j < k£ and is true by assumption. This completes the proof.

Remark 2 Figure B.ja illustrates the closed half-spaces Hy; for each j € {1,2,3}, repre-
senting the set of states in which action ag is preferred to action a;. Figure B.4b shows the
set of states in which action ag is optimal. Finally, Figure B.4c depicts the partition of the

state space induced by these preferences.

\ Hy, Hyo

;

70,2

(a) Half-spaces Hy ; for j =1,2,3

"\

a2
_ as
0
a a1 ) \
(b) M=o Ho,j (¢) Optimal Partition

Figure B.4. Constructed preferences

By Proposition 7, the preference relation >4 on A admits a utility representation for each
0 € ©. Let iy : A — R be such a representation, normalized so that min,_; 4p(a) = 0 for

each 6. Extend uy to all of A by defining

tp(a) if ae A,
ug(a) =
—a; — ay otherwise.

By construction, arg maxaea ug(a) = argmax,_; tg(a).
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Now define u : A x © — R by u(a, ) = ug(a). Observe that for each 6 € ©, an action a*
maximizes u(-, ) if and only if a* € A and a* >y a for all @ € A. Thus, for any measurable
function g : © — A such that u(g(0),0) = u(g'(6),0) for all measurable ¢’ : © — A, it must
be that g(©) = A and, for each j € {0,1,2,3}, g~ (a;) is almost surely equal to Miw; Hike

Since |M| = |A|, there exists a PBE (0%, p*) such that p* o 0* = g, so (¢*, p*) is efficient.
Moreover, any efficient PBE (o, p) must satisfy p o 0 = g almost surely. That is, g is the
unique outcome of any efficient PBE.

Finally, observe that there exists an efficient PBE in which Sender 1’s and Sender 2’s
strategies are given by Figures B.5a and B.5b.

N 1

(a) Sender 1’s strategy (b) Sender 2’s strategy

Figure B.5. Senders strategy profile



Appendix C

Chapter 3

Proof of Proposition 4. First, let (o,p,d) be an interval strategy profile that in-
duces an interval PBE outcome. That is, there exists an interval PBE (¢, p/,d’) such that
d(o(0),p(c(0)),0) =d(a'(0), 0 (c'(0)),0) for each 6 € O.

Therefore, the players do not have incentives to deviate on-path under (¢, ', d’), which
implies that the same holds for (o, p,d). That is, (o, p, d) satisfies conditions (i)-(iii).

Now, let (o, p,d) be an interval strategy profile satisfying conditions (i)-(iii). Pick m' €
0(0). Consider the interval strategy profile (o, p/, d’) defined by

p(m) if me o(O)

p(m') else

and
d(m,a,0) if meo(O)

d(m’,a, ) else

d(m,a,0) =

Note, (o, p,d) and (o, p',d’) are outcome equivalent because they may only differ at off-path
histories. In addition, (o, p’,d') is a PBE with the belief system p: © — M defined by

Ulo='(m)] ifmeoa(O) ‘
Ule=(m/)] else

In conclusion, (o, p,d) induces an interval PBE outcome. m

Proof of Lemma 6. Let (0, p,d) be a PBE. Fix (m,a,0) e M x Ax © and a € a.

113
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(i) Assume that d(m,«,0) = a, so a € argmaxyc, ur(a’,d). That is, a is at least as close
to 6 than any other action in «. Equivalently, 6 is closer to a relative to any other

action in a, i.e., 0 € O(a | a).

(ii) Assume that 0 € int O(a | «), so 6 is strictly closer to action a relative to any other
action in «. That is, ug(a,0) > ug(d,0) for all ' € a, a’ # a. Consequently,

d(m,a,0) = a.

]

The following notation will be useful for the exposition. Given a skill set a =
{ar, a9, ..., a1}, define a; = 5L for j = 1,...,k — 1. So, O(a; | @) = [0,@1] n O,
O(ay | @) = [ag-1,1] n O, and O(a; | a) = [a;,aj41] N O for j = 2,...,k — 1. In addition,

refer to the following system of linear equations as (FOC):

2@1 = 51 + Q
2CLj :aj+aj_1f0rj:2,...,k'—]. (FOC)
2a, = §+Ek_1

where 6,6 € © with § < 6.

Lemma 20 Let o€ A be a skill set. If o satisfies (FOC), then 6 —aj_, = G;—Gj_1 = a;—0
forallj=2,....k—1.

Proof. By induction on j. (FOC) implies that 2a; = @; + 6 and 2a; = @y + @;. Adding
these two equalities up yields 4a; = 2a; + as + 6. Rearranging gives as — a1 = a; — 6.

Now, assume that @; —a;—; = @ — @ for some 2 < j < k — 2. Then, 2a; + 2a;41 =
Gj+a;_1+a;41+a; follows from (FOC). Rearranging, we obtain @1 —a; = @;—a,_1 = a;—¥,
where the last equality holds by the inductive hypothesis. In conclusion, @; —a@;—1 = a; — @
forall j=2,...)k—1

Finally, observe that 2a;+2a,_1 = 0+Tg_1+0p_1 +ap_o follows from (FOC). Rearranging,
we obtain @ — G_1 = Gr_1 — Gr_2 = G — 6, where the last inequality holds by the inductive

argument. This completes the proof. m
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Lemma 21 Let a € A be a skill set. If « satisfies (FOC), then @; = (0 — 0) + 6 for all
=1, k-1

Proof. By induction on j. First, note that

where the last inequality follows from Lemma 20. Solving, we obtain @; = %(5 —0)+0.

Now, assume that @; = £(6 — 6) + ¢ for some j < k — 1. Then,

i =a;+a —0

- (1@ Q)+Q) ¥ (%(9—@%) 9

1
=1 @-0)+e

o

where the first equality follows from Lemma 20, and the second one follows from the base
step and the inductive hypothesis. m

Proof of Lemma 7.  Let (o,p,d) be a minimal interval PBE, and m € 0(©). Let
0 =info~'(m) and 6 = sup o' (m). By definition, p(m) solves

min > J . — 0)2d0 (C.1)

acex

Let a* = {a} [ j = 1,...,k} be a solution to (C.1). Observe that a* must satisfy that (i)
la*| = K, and (ii) a* < [0,0]. To see this, first, consider a skill set a with |a| < K. Fix
an action a € ©\«, and define o = a U {a}. Note, the Receiver obtains a weakly larger
expected utility given skill set o relative to a. Moreover, for every state 6 € int O(a | ), he
obtains a strictly higher utility with o/ than with . Since int ©(a | /) has positive measure
(because a ¢ «), it follows that « is not a solution to (C.1).

Second, consider a skill set o such that o* & [6,0]. Suppose, without loss of generality,
that there is some a € a with a < 8. Define o = (a\{a}) U {8}. Note that the Receiver
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obtains a strictly higher expected utility from o than form «. Hence, o cannot be a solution
o (C.1).

Consequently, the optimization problem (C.1) is equivalent to

0
arg mi;‘lL )2d6 + Z f )2d6 + f (ax —6)*df

ae
AR —1

= argmina}(@ — 6) — y(@ — 6°) + a3 (0 — ax 1) — ax(6 — a5 _,)

+ Z —@j-1) aj@? - 5;2'71)]

_ ta; .
where @; = =52 for j=1,..., K — 1.

Hence, o* solves the first-order conditions:

(51 — Q)(2a1 — 51 —Q> =0
(Ej—aj_l)(2aj—6j—aj_1) IOfOI"jZZ,...,K—]_

(@ — EK_l)(QaK —0— EK_l) =0

Let o be a solution to the first-order conditions. Note, if @ = 0, then either a}] = a, = 6
or aj < 0 < dly. In any case, o’ is not a solution to the Receiver’s problem. Similarly, o is
not a solution if § = @y _,. Last, o/ is not a solution if a; =a;_y forsome j=2,... K —1
because that implies a1 = a;_1.

Consequently, a* is a solution to (FOC). Lemma 21 implies that a; = 1(a; + @;_,) for all

j=1,...,K, where @y = § and ax = 6. By Lemma 21, we conclude that

1

a; = 5(@ +a-1)
B (I B S By S
2\ K K
21

forall 7 =1,..., K. This concludes the proof. m

Lemma 22 In an interval PBE (o, p,d), |Ij11] = |I;| + 40K for each j =1,...,n— 1.
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Proof of Lemma 22. Let (o, p,d) be an interval PBE. Pick arbitrary I;,1,1; € o~ *(M).

Suppose the Sender sends messages m and m’ when the state belongs to I; and I;;4, re-

spectively. Therefore, the Sender must be indifferent between max p(m) = 6; — % and
min p(m') = 0; + % at the state §;. That is, §; + b must be equidistant from 6; — % and
0+l ie 0,4 b ( - %) - (ej + %) — 0, —b. Solving yields |I;,| = |I;| + 4bK.

Corollary 7 In an interval PBE, (n — 1)n < 5.

Proof of Corollary 7. Let (0,p,d) be an interval PBE. Suppose the initial interval is
[0, z) for some x € (0,1). Therefore, the total length of all n intervals in o=(M) satisfies
n—1

1=nx+4bKZj

(7; - 1)n.

= 4bK
nr + 5

Consequently, it must be that 26K (n — 1)n < 1. This concludes the proof. =

Lemma 23 Let o be an interval communication rule with intervals o '(M) =
{I, I, ..., 1,}. If [Ig41] = |I,| + 4bK for each ¢ = 1,...,n — 1, then for each m,m’ € o(©)
with o= (m) = I;, oY (m') = I, and | > j, there exists 0 € [6;,0,_1] such that the Sender is

indifferent between max p(m) and min p(m’) at the state 6.

Proof of Lemma 23. Let o be an interval communication rule with intervals ¢! (M) =
{6, I5,...,1,}. Assume that |I;;1| = |[;| + 4bK foreach j =1,...,n — 1.

Let I; = (0;,0;11) and I;1; = (0;41,0;1141) be two intervals in o= (M) with [ > 1. Write
m and m’ for the messages such that c~'(m) = I; and o~ *(m’) = I;;;. First, note that the

Sender is indifferent between max p(m) and min p(m’) at state

0501+ 01 n (Ll — 11

0= 9 1K

—be[01,01]

Indeed,
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(i) By assumption, LeE i L] *" 4] > 28 — p. Therefore,
j_ Ot 00 ] = |15
g - Uit j+ + b
2 4K
< 001+ 011
- 2
= YUj+1-
(i) Note, 6 < 6,4 is equivalent to
j+1—1
sl =15 O = Ojr D=y | Il b
4K 2 2 '

We show that this inequality holds by induction on the number of intervals between

Ij+l and ]jl [—1>=0.

e Suppose there are no intervals in between [;,; and I;. That is, suppose [ = 1.
Il ake Sonti |l
Then, by assumption ==+ = 752 = b, and =*=2— + b = b. Thus, the
inequality holds.
e Suppose that the inequality holds when there [ —1 > 0 intervals in between. That

is, suppose that

-1
Ll =I5l _ Zoa Il
IK S 2 '
Now, observe that
Tiieal =151 Ljaen] = Ll gl = 1]
4K 4K 4K
j+l—.1 | |
<b+—m:j; b
-1
|]j+l| Ziij:jJrl ’IM|
< + b
2 2 *
_Saliallal

where the second inequality follows from the inductive hypothesis, and the third

follows from the fact that “' > % > b.
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Let o be an interval communication rule. Suppose o~*(m) = I; = (6;,0;,1) for some
. . . . . . )
m € M. Write p(m) = {a],a},...,a%}, and ¢ = 6;, ¢y = 0;41, and ¢ = %& for

I=1,...,K — 1. Notice, O(a] | p(m)) N [0;,0;:1] = [c]_,,c]] foreach I =1,..., K.

Lemma 24 Let o be an interval communication rule with o= (m) = I; = (6;,0;11) for some

me M. Let a > maxp(m) = aj. If us(al,cl) = us(a,cy), then us(al,0) = us(a,d) for

each 0 € [c]_,,cl], for every al € p(m).

Proof of Lemma 24. Assume that ug(d),c)) = ug(a,c)). Since ug satisfies increasing
differences, ug(al, ) = ug(a,d) for each 0 € [ch_,, ch]-

Now, assume that ug(aj, ) = ug(a,) for each 0 € [c]_,, c]] for some | < K. In particular,
us(a{,cj) — us(a,c‘lj) > 0 is equivalent to a > a{H + 2b. Consequently, a > a{ + 2b, which
is equivalent to ug(al_,,cl_,) — ug(a,c]_,) = 0. Since ug satisfies increasing differences,

us(af_l, 0) = ug(a,0) for each 0 € [clj_Q, clj_l]. n

Lemma 25 Let o be an interval communication rule with o=t (m) = I; = (6;,0,41) for some
me M. If a < minp(m) = a, then us(a],0) = us(a,0) for each 0 € [c]_,,cl], for every

[=2.

Proof of Lemma 25. Notice, ug(al,c_,) —us(a,cl_,) = (a —al)(a + a] —2¢]_, — 2b) =

(a —al)(a—a]_, —2b). Since a < a} and a < a]_, + 2b, us(a],c]_,) —us(a,c]_,)=0. =
Proof of Proposition 5. The direct implication follows from Lemma 22.

Now, consider an interval strategy profile (o, p,d) such that |I;41| = |I;| + 4bK for each
j=1,...,n—1, and (p,d) satisfies Lemmas 6-7.

It remains to show that o is incentive compatible. Fix 6 € ©. Assume, without loss of
generality, that 0 € I;. We want to show that the Sender prefers to reveal that the state

belongs to I; rather than to any other interval in o~*(M).

Let I; be an arbitrary interval in ¢~!(M) with [ # j. Consider the following cases:

e Assume j < [. By Lemma 23, there exists 6 € [0;51,0;] such that the Sender is

indifferent between aj. and a}. Since ug has increasing differences, ug(a’,6;+1) =

us(al, 0;41). Consequently, Lemma 24 implies that ug(a},0) > ug(al,0) for each 6 €
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[c]_,,cl], forevery ¢ = 1,..., K. Since I; < int ©(a} | {a},...,ak}), the Sender prefers
to reveal that the state belongs to I; rather than to I;.

e Assume [ < j. By Lemma 23, there exists 6 e [0,11,0;] such that the Sender is indiffer-

ent between ak and aj. Since ug has increasing differences, ug(aj,d) > ug(ak,0)

for each 0 € [0;,c]]. In addition, since abt < a], Lemma 25 guarantees that

us(al,0) = wug(al,0) for each 6 € [c] |, c]], for every ¢ > 2. Finally, since
I; < intO(dk | {a,...,ak}), we conclude that the Sender prefers to reveal that

the state belongs to I; rather than to I;.

This concludes the proof. m
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