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ABSTRACT

Maintaining a stable thermal environment is critical for space telescopes. Effects such

as thermal expansion can change the geometric relationship between optical components,

impacting the accuracy of wavefront sensing and control algorithms for deformable mirrors

and ultimately producing blurry images. To this end, this thesis focuses on developing a

discrete state-space model for a CubeSats optical system from nonlinear governing partial

differential equations. Furthermore, a feedback control methodology is used to ensure precise

temperature regulation. Model results in tandem with a high-fidelity thermal simulator

validate the approach taken and an in-depth discussion of results is presented.
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Chapter 1

Overview & Motivation

All spacecraft launched into space require some form of temperature regulation to ensure

that components do not leave their operating range. These regulation methods can be

split into two forms, active and passive regulation. Active regulation requires input power

to cool or heat the spacecraft, while passive regulation requires modification of natural

heat dissipation [1], such as changing the optical properties of the spacecraft with paint to

limit the amount of radiation absorbed and emitted [2]. An application of regulation is to

correct wavefront errors in space telescopes, as these errors are magnified by temperature

disturbances [3] [4] [5]. Active control is used for this task because it can return the spacecraft

to its desired temperature after a slew faster than the spacecraft would passively [3] [6].

Another application is the Hubble Space Telescope; directly after launch, the telescope

experienced pointing jitter partly due to the thermal expansion and contraction of the solar

arrays. New arrays were installed and the control system was updated to remove excess

pointing jitter [7] [8]. Active control can be open-loop without sensors or use sensors to

provide informed feedback in a closed-loop environment [9]. Some methodologies of active

regulation or control are PID, nonlinear, and linear state-space controllers.
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PID controllers use proportional, integral, and derivative gains to minimize the error

between the system output and the desired output in the frequency domain through feedback

[10]. Due to their simplicity and ease of implementation, PID controllers are the most widely

used [10]. However, PID controllers can become cumbersome as gain-tuning issues arise with

more complex systems [11].

Real world systems, at their core, are nonlinear and thus it is appealing to model and

control these systems with nonlinear control methodologies. But by simply being nonlinear,

superposition is not applicable, making analysis much more difficult. In addition, control-

lability and observability cannot be determined by a simple rank test, and stability is no

longer a function of a basic placement of eigenvalues, as done in the linear case [12]. For

these reasons, nonlinear control is mostly avoided. However, nonlinear control may be the

only solution if the system is highly nonlinear and no valid linear approximation will meet

design requirements.

Linear state-space control is best for systems with uncertainty, instability, and exogenous

inputs and has the benefits of stabilizing unstable systems, compensating for external dis-

turbances, and correcting modeled dynamics and uncertainties. In addition, ideas such as

optimal control exist as linear cost functions can be minimized [9]. Linear state-space con-

trollers use time domain analysis to find gains that in turn modify the state or the output of

the system to produce the desired response [13]. The benefit of choosing a linear state-space

controller over the other options is due to its linearity. This linearity provides a separation

principle that allows for control and state estimation to be designed independently [14]. An-

other benefit is that linear state-space control can handle multiple inputs and outputs at

a time with ease [13]. Linear theory is also a well-defined field with a variety of tools to
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aid in analysis. Some limitations of this method come from its linear approximation, which

means that there exists a region where the approximation is not valid [13]. Another issue is

pole-zero cancellation, where a mode can become ‘invisible’ resulting in a decoupling form

the input or the output of the system [13].

The active control methodologies discussed previously can be applied to all types of space-

craft to ensure they meet their thermal requirements. However, CubeSats which are a special

type of spacecraft, are growing in popularity as they enable experiments that are not pos-

sible with larger missions [15] and can be done at a cheaper cost due to ‘ride-share’ [16],

for example DeMi [17]. A CubeSat is a small spacecraft that is used in various applications

and described by its size. For example, a 1U CubeSat has a edge length of 10 cm, and

larger CubeSats are described by combinations of these 1U’s (e.g. 6U). While CubeSats

come in various sizes, they all must follow a general design specification and meet safety

standards [18][19]. In general, more CubeSats are being launched each year as an upward

trend can be seen in CubeSat launches since 2005 [20]. In addition, CubeSats are becoming

more advanced as smaller and more sophisticated instruments become available, and can

even be used to aid other larger missions [15]. However, as with larger space telescopes,

thermal stability is still needed [15] [21]. Thermal control is especially needed for CubeSats

that carry optical payloads, as thermal flutter and thermal gradients can cause wavefront

jitter and produce instrument de-focus [22] [23]. For some applications, even ±1◦C can cause

unwanted deformation of the optics [24]. Prudent thermal regulation is even more important

for CubeSats carrying deformable mirrors as any thermal gradient can cause phase errors

in the wavefront. These phase errors can be corrected with adaptive optics, but the task is

made easier if thermal effects are minimal [25].
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To provide linear control that removes unwanted thermal effects for these CubeSats, a

thermal model of the CubeSat will be needed. These thermal models are approximations

of the actual CubeSats governing equations and can be created in a variety of ways. The

most popular is the Finite Element Method (FEM), where an intricate domain is discretized

into smaller elements, called a mesh. A solution is found for each element and then com-

bined to arrive at the full solution [26] [27]. The first application of this method was to

solve problems related to stiffness and deflection of airplane wings, and was later used in

stress analysis and heat transfer [27] [28] [29] [30]. The main appeal of this method is that

the boundary and interior can be adequately approximated by triangular elements, and as

these elements become smaller, the approximate solution converges to the analytical solution

[26][31]. The biggest difficulty with this method is how the meshes are created, as this is the

most computationally demanding part [32].

Another less popular method that achieves the same goal as FEM is called the Boundary

Element Method (BEM). Instead of discretizing the entire domain, only the boundary is

discretized. This allows for a reduction in spatial dimension, leading to simpler solutions

and less computational cost as no interior mesh is needed [33]. Two benefits of this method

are that only the boundary needs to be meshed and that a continuous solution exists, unlike

in FEM. These benefits come from the properties of Green’s functions and the divergence

theorem [33] [34]. This method is sometimes avoided due to the advanced mathematical

knowledge required to formulate a solution.

The last method is the Finite Difference Method (FDM), which again is analogous to

FEM and BEM. In this method, derivatives are approximated over small temporal and

spatial regions with a square mesh[35]. The main difference between FDM and FEM is that
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FEM allows for other non-square mesh types, which leads to better boundary modeling [26].

FDM has also been used to solve partial differential equations, such as the heat equation

[36] [37] [35]. The main benefit and fault of this method is its simplicity to implement and

understand, however, for larger systems computational difficulties arise [38].

In this thesis we will use the finite difference method to create a thermal model of the

CubeSat, and then use linear control theory to regulate the temperature of the optics and

remove unwanted thermal effects.
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Chapter 2

Linear Systems and State Space Control

2.1 Discrete Linear Systems

A continuous linear state-space system is of the form,

ẋ(t) = Ax(t) +Bu(t), (2.1)

y(t) = Cx(t) +Du(t),

where x(t) ∈ Rn×1 is the state of the system, u(t) ∈ Rm×1 is the system input vector, and

y(t) ∈ Rl×1 is the system output vector.

The matrix A ∈ Rn×n is called the state matrix, and it embodies the entire dynamics of

the system. B ∈ Rn×m is a matrix that represents how inputs enter the system and is called

the input matrix. C ∈ Rl×n is a matrix that determines how states appear in the output and

is called the output matrix. Finally, D ∈ Rl×m is a matrix that allows an input to bypass

the system and go directly to the output and is sometimes called the direct transmission

matrix [13, p. 239].

To derive a system representation in the form of equation 2.1, a nth order ordinary differ-

ential equation that describes the system is needed. This nth order ODE can be written as
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a system of first-order ODEs through the introduction of state variables. Take, for example,

a simple 2nd order ODE,

v̈(t) = av̇(t) + bv(t) + cu(t), (2.2)

we can next introduce the state variables x1(t) and x2(t),

x1(t) = v(t), (2.3)

ẋ1(t) = v̇(t) = x2(t), (2.4)

ẋ2(t) = v̈(t). (2.5)

Finally, substituting these state variables into our ODE results in,

ẋ1(t)

ẋ2(t)

 =

0 1

b a


x1(t)

x2(t)

+

0
c

u(t), (2.6)

y1(t)
y2(t)

 =

1 0

0 1


x1(t)

x2(t)

 .

Through the use of state variables, we are able to represent the ODE in the same form as

equation 2.1.

However, continuous systems are not often encountered in practice, as the system’s inputs

and outputs are measured at discrete times rather than continuously. It can be shown that

by sampling the continuous linear system we can arrive at a time-invariant discrete-time

linear system [13, p. 265]. Discrete linear systems are of the form,
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xk+1 = Adxk +Bduk, (2.7)

yk = Cdxk +Dduk.

This notation is similar to that of the continuous system except that the system is evaluated

at discrete values of k, which represent time. The size and meaning of each vector and matrix

is the same as in the continuous-time system. One difference between continuous and discrete

times systems is the mathematical transform used to simplify the equations. In continuous

time, the Laplace transform is used to transform the system from the time domain to the

frequency domain. In discrete time, the z-transform is used to accomplish the same goal

where ‘z’ is a time delay operator. The subscript d is used to emphasize that equation 2.7

is discrete. The subscript d on the matrices will be dropped as we will only be dealing

with discrete linear systems. As seen in the next section, the properties of the A,B, and C

matrices illustrate how the system will behave. The linear system described by A,B, and C

can equivalently be represented by a block diagram, which can help visualize the math [39].

The D matrix is not included since it can be viewed as an output shift. This output shift

allows us to perform our usual controls analysis on just the A,B, and C matrices. Once the

analysis is complete we can undo our original shift to get the correct output.
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Figure 2.1: Block Diagram illustrating how the input uk reaches the output yk of the discrete
time system from equation 2.7. The z-transform, z−1, acts as a time delay operator.

2.2 Linear System Properties

2.2.1 Asymptotic Stability

Stability is a property that focuses on the the equilibrium points of the state-space system.

This property identifies the tendency for a state to approach its equilibrium point or to

diverge to infinity. For a state-space system to be asymptotically stable, we say that the

state’s asymptotically approach the equilibrium point. To quantify the behavior around

these equilibrium points, we need an equation for the state. To do this we take equation 2.7,

and write it out for the first few time-steps. Through induction one can show that,

xk = Akx0 +
k−1∑
i=0

Ak−i−1Bui. (2.8)

We can observe the tendency of the state, or its free response, by taking ui = 0. This leaves

xk = Akx0, which will decay to zero if the eigenvalues of A have a magnitude less than 1.

The decay to zero can be observed by noting that any number with magnitude less than one

will decay towards zero if it is recursively multiplied to itself. If we decompose A into its

Jordan form, we will see that the diagonal elements of the Jordan form of A, the eigenvalues,
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are being recursively multiplied when taking Ak. As k tends to infinity Ak will tend to zero,

resulting in limx→∞ ||xk|| = 0. If this condition is true, then the system defined by A is said

to be asymptotically stable [13, p. 296]. In addition, we say that if the eigenvalues are inside

the unit circle, then they are stable eigenvalues, and if they are outside the unit circle then

they are unstable eigenvalues.

Determining the stability of any given system in the form of equation 2.7 will help de-

termine how the system behaves. In addition, stability analysis can help us determine the

unstable states that cause problems when it comes to implementing a control law. The topics

of controllability, stabilizability, and control laws are discussed in the sections to come and

will help facilitate the importance of stability.

2.2.2 Controllability

To determine to what extent we can influence the state through a input sequence ui, we

next examine controllability. The idea put simply is: can the initial state vector x0 be moved

to any other position xfinal in a finite amount of time by means of a control sequence uk.

Intuitively, a mathematical expression for controllability should depend on the state and

input matrices, as uk, the input vector, is used to move the state through a combination of

A and B in equation 2.9 [13, p. 302].

To determine if the system from equation 2.7 is controllable, a controllability matrix is

formed,

C = [B,AB, ..., An−1B], (2.9)
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which comes from writing
∑k−1

i=0 A
k−i−1Bui from equation 2.8 as the dot product C·[uk−1, . . . ,u0]

T

[13, p. 304].. If rank(C) = n, then the system is controllable. This makes sense as if C is full

rank then each input will effect each state of the system. If rank(C) = p < n, then there are

n − p uncontrollable states, which cannot be influenced through a control input. A formal

proof for this is found in [13, p. 304].

It is important to know if the system from equation 2.7 is controllable because it tells us

if we can change the state through the inputs uk. For example, if a state is unstable and

also cannot be controlled to a final position through uk, then there is nothing we can do to

regulate this state with the current system.

2.2.3 Stabilizability and Uncontrollable Form

The last property discussed is stabilizability. This idea adds a extra layer of analysis for

when a state is not controllable. If a state is not controllable, i.e. we cannot move the

the state to a desired final value through the input, then we hope that the eigenvalue of

that uncontrollable state is already stable. This ensures that the uncontrollable states do

not diverge to infinity. To identify the uncontrollable states, one can use a transformation

matrix to transform the system into its uncontrollable form. We can use this transformation

only if rank(C) ̸= n, i.e. the system is already identified to be uncontrollable. The pair

(A,B) can be written in the uncontrollable form as,

A =

Ac Acuc

0 Auc

 B =

Bc

0

 , (2.10)
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Where the pair (Ac, Bc) is controllable and thus its eigenvalues can be made stable and Auc

is the uncontrollable portion of A. Therefore, our system is stabalizable if the eigenvalues

of Auc are within the unit circle. A proof for this form is found in [13, p. 310]. If Auc has

eigenvalues outside the unit circle, then the physical system needs to be modified to remove

these non-stabalizable states.

2.3 Control Laws and Feedback

The idea of a control sequence uk to control the state from x0 (initial state) to xfinal (final

state) was previously discussed in the controllability subsection. To determine the correct

input to move x0, we use the general form of the linear state feedback control law. This

control law is,

uk = Grk −Kxk, (2.11)

where K ∈ Rm×n and G ∈ Rm×n are gain matrices and rk ∈ Rn×1 is a reference signal. This

control law is one where we design K to give a desired transient response, and design G to

provide steady-state response.

If the system is controllable, then there exists a uk that will allow the initial state to be

moved to any final state in finite time [13, p. 302]. If uk is substituted into equation 2.7 and

assuming D = 0, we arrive at a close-loop form for the system,
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xk+1 = (A−BK)xk + (BG)rk (2.12)

yk = Cxk

From this we see that the closed-loop eigenvalues are those of the system Acl = (A−BK).

One way to design K is through pole placement. This allows the system designer to dictate

how the system responds, and it involves matching the closed-loop characteristic equation

to that of the desired characteristic equation [13, p. 351]. This is discussed more in the

next section. In short, the control law 2.11 allows the state to alter the dynamics of the

system via the gain matrix K. Given the system is controllable, we can arbitrarily change

the closed-loop eigenvalues of Acl to give a desired response through the proper choice of K.

This is a significant result as A could have eigenvalues outside the unit circle and therefore

have a non-stable open-loop response. However, if the pair (A,B) is controllable, then the

eigenvalues of Acl can be placed inside the unit circle through the pole placement method,

producing a stable closed-loop response. If (A,B) is not controllable, then the current system

can not be controlled to produce a desired response through the input uk. This control law

can be visualized in Figure 2.1 by picking off the state and multiplying it by a K block, then

taking the difference with Grk [39]. To determine the values of K and G, we explore the

pole placement method and the servo problem in the next two sections.
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Figure 2.2: Discrete Time Block Diagram representing equation 2.12. The block −K is used for
state feedback and G is used for steady state tracking.

2.4 Pole Placement

It was seen in the previous section that the choice of K directly affects the closed-loop

dynamics. One method of choosing the matrix K is called pole placement and is performed

by selecting a gain matrix to produce the desired eigenvalues of Acl.

If the system has a single input and is controllable, then there exists a gain matrix that

arbitrarily places the system poles [13, p. 353]. To determine K for a single input system,

1. Identify the closed-loop characteristic polynomial.

det[λIn − (A−BK)]

2. Determine the characteristic polynomial for the desired eigenvalues, where λi is the

desired eigenvalue.

Πn
i=1(λ− λi)

3. Set the two characteristic polynomial’s equal to each other and solve for K. [13, p.

355].
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If the system has multiple inputs and is controllable, then we can determine the gain matrix

through Theorem 1 [13, p. 365].

Theorem 1 For any controllable pair (A,B), there exists a state feedback matrix K that

assigns the eigen-pairs {λi,vdi}, i = 1, . . . , n if and only if

UT
1 [A− λiIn]vdi = 0n×1 (2.13)

where

B = U

ΣBV
T

0n×1

 (2.14)

with

U =

[
U0

∣∣ U1

]
, U−1 = UT . (2.15)

The state feedback matrix is then given by,

K = −V Σ−1
B UT

0 [VdΛV
−1
d − A], (2.16)

where VdΛV
−1
d = Acl, U and V are the singular matrices for conducting a singular value

decomposition on B, and ΣB is the non-zero elements of B.

The method of pole placement is a powerful tool that allows us to design the closed-loop

response. Through the choice of K, we can arbitrarily place the eigenvalues of our system

to produce a desired closed-loop response.
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2.5 Servo Problem: Steady-State Tracking

Now that we have determined how to calculate K to change the transient response, we

need to calculate G to produce a desired steady-state response. This is often referred to

as the servo problem in literature [13, p. 367]. The desired steady-state response that we

are seeking to create is one where the state tracks the reference signal with no steady-state

error. To derive G, we start with the control law,

uk = Grk −Kxk, (2.17)

and form the closed-loop system by substituting the control law into equation 2.7,

xk+1 = (A−BK)xk + (BG)rk, (2.18)

yk = Cxk.

To determine the value of G for steady-state tracking, we take the z-transform of 2.18 with

x0 = 0,

zX(z) = (A−BK)X(z) +BGR(z), (2.19)

Y(z) = CX(z), (2.20)
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and then isolate for X(z) and plug the result into the equation for Y(z),

X(z) = [zI − (A−BK)]−1BGR(z), (2.21)

Y(z) = CX(z) = C[zI − (A−BK)]−1BGR(z). (2.22)

Note that the discrete transfer function H(z) relates the output to the input by,

Y(z) = H(z)R(z). (2.23)

Comparing the two previous equations results in the closed-loop transfer function,

H(z) = C[zI − (A−BK)]−1BG. (2.24)

Since we want the steady-state response to be constant we set R(z) to be a step input of

magnitude M ,

R(z) = M
z

z − 1
, (2.25)

Y(z) = C[zI − (A−BK)]−1BGM
z

z − 1
. (2.26)
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Additionally, the final value theorem for discrete time systems, which determines the final

output of the system when time equals infinity, is used,

Yss = lim
z→1

(z − 1)C[zI − (A−BK)]−1BGM
z

z − 1
, (2.27)

= lim
z→1

C[zI − (A−BK)]−1BGMz, (2.28)

= C[I − (A−BK)]−1BGM. (2.29)

For zero steady-state error, we want the final value of our system to be M (Yss = M), which

results in,

I = C[I − (A−BK)]−1BG, (2.30)

and finally solving for G gives,

G = (C[I − (A−BK)]−1B)−1. (2.31)

It is important to observe that C[I − (A−BK)]−1B ∈ Rn×n (l = m = n) for G to track all

the reference signals with no steady-state error. Or, in the case where l ̸= m, i.e. C[I− (A−

BK)]−1B is not square, we can still track all the reference signals if C[I − (A − BK)]−1B

has a right inverse,

(C[I − (A−BK)]−1B)R = G. (2.32)
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If a right inverse does not exist, a minimum-norm G can be found through the least squares

method. Starting with

I = C[I − (A−BK)]−1BG (2.33)

and making the following variable substitution,

V = C[I − (A−BK)]−1B (2.34)

leads to,

min
G

||I − V G||2. (2.35)

If a minimum norm G is found to make ||I − V G||2 = 0, then perfect steady-state tracking

can be achieved. However, if the minimum norm G does not provide ||I − V G||2 = 0, then

only approximate steady-state tracking can be achieved.

2.6 Linearization of Nonlinear State-Space Equations

The real world is inherently nonlinear which means that the equations used to describe

real world dynamics are also nonlinear. This nonlinearity prevents us from directly using the

methods previously described in this chapter. However, if we can approximate the nonlinear

dynamics as linear, then we can used our tool box of methods.

To linearize a nonlinear state-space equation we first need to define equilibrium points. An

equilibrium point is one where the state will not deviate from unless it is externally perturbed
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[13, p. 244]. In Section 2.2.1 we defined a asymptotically stable system as one where “the

state asymptotically approaches the equilibrium point.” If the state of the system starts at

this equilibrium point then it will not deviate from it unless it is perturbed.

Next, we define our nonlinear state-space equation as,

xk+1 = f(xk,uk), (2.36)

where f(xk,uk) is a nonlinear function of the state xk and the input uk. To linearize this

equation we take a first order Taylor series of f(xk,uk) about the equilibrium point (xeq,ueq),

f(xk,uk) ≈ f(xeq,ueq) +
∂f

∂xk

|(xeq ,ueq)∆xk +
∂f

∂uk

|(xeq ,ueq)∆uk. (2.37)

Moving f(xeq,ueq) to the left hand side results in,

∆xk+1 = f(xk,uk)− f(xeq,ueq) =
∂f

∂xk

|(xeq ,ueq)∆xk +
∂f

∂uk

|(xeq ,ueq)∆uk, (2.38)

where ∆xk = xk − xeq and ∆uk = uk − ueq.

Finally, if we define A = ∂f
∂xk

|(xeq ,ueq) and B = ∂f
∂uk

|(xeq ,ueq) then we arrive at

∆xk+1 = A∆xk +B∆uk. (2.39)

Equation 2.39 is functionally the same as equation 2.7 except for that equation 2.39 is a

perturbed system defined around the equilibrium point (i.e we shift x0 to xeq)[13, p.243]. It

should also be noted that equation 2.39 is only valid in regions where the linearization is a
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“good enough” approximation of the nonlinear dynamics. “Good enough” is a problem of

its own and is often quantified by engineering constraints.
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Chapter 3

Finite Difference Thermal Modeling

3.1 Continuous to Discrete

As mentioned in the Overview & Motivation Chapter, we will need a thermal model of the

CubeSat to carry out linear control. To do this, we begin with the governing methods for

heat transfer, which always start with a control volume and its energy balance. A general

energy balance, expressed in terms of energy rates, is given by [40, p. 14],

Ėst = Ėin − Ėout + Ėgen, (3.1)

where Ėst is a energy storage term, Ėin and Ėout are the energy entering and leaving the

control volume, and Ėgen is the internal heat generation of the control volume. Each of these

terms, as we will see soon, is described by a partial derivative with respect to time (∂T
∂t
) or

space (∂T
∂x
, ∂T
∂y
, ∂T
∂z
).

Our ultimate objective is to express equation 3.1 in state-space form, but doing so would

require an infinite number of states due to the presence of partial derivatives. To avoid the

need for infinite states, the partial derivatives can be approximated and evaluated at discrete

points. The formulation of the discretize heat equation is the topic of the next section.
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3.2 Energy Balance Method

In order to use a finite difference approximation for the derivatives, one must define where

to evaluate those derivatives. To do this, a mesh is created by ‘slicing’ the system into

smaller sections. This ‘slicing’ action is done to discretize the domain into smaller elements

called control volumes which allow us to approximate the spatial derivatives. We will also

need to discretize time, which will allows us to also approximate the time derivatives. Each

control volume has its own spatial and time-dependent properties which are encompassed

by a node at its center.

Figure 3.1: Generic mesh of the systems domain. The mesh is comprised of control vol-
umes (dashed red lines), and nodes (black dots) that represent the systems physical properties
(T, k, ρ, V, ...). Square control volumes occurs when ∆x = ∆y.
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The finite difference approximations for the partial derivative are evaluated with a central-

difference. Therefore, the approximations for ∂T
∂x
, ∂T
∂y
, and ∂T

∂z
are evaluated at the shared

boundary between two adjacent nodes [40, p. 242]. A similar expression is true for ∂T
∂t
,

except that a forward difference is used. To keep the derivations straight forward, we only

outline the procedure for a two-dimensional mesh. However, we will expand the final result

to three dimensions at the end.

Figure 3.2: Depiction of nodes (Ni) and (N+x) and the distance between them (∆x) and used to
help define the central-difference approximation for ∂T

∂x .

Using the central-difference approximation for nodes Ni and N+x leads to,

∂T

∂x
=

T p
+x − T p

i

∆x
. (3.2)

Therefore, the energy due to conduction from node Ni to N+x is,

qi→(+x) = −kAx
T p
+x − T p

i

∆x
, (3.3)
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where Ax is the cross-sectional area between nodes Ni ans N+x. Notice that qi→+x is positive

when energy is moving in the positive x-direction.

A similar equation can also be written for time,

∂T

∂t
=

T p+1
i − T p

i

∆t
, (3.4)

where the superscript p is used to represent the current time step.

With approximations for all the partial derivatives, we can now write equation 3.1 for node

Ni as a finite difference. Since the direction of heat transfer is not known, it is common to

assume that the heat flow is into the control volume of node Ni. Doing so causes the energy

balance to become [40, p. 243],
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Figure 3.3: Complete energy balance for node Ni, showing the energy entering its control volume
by conduction from its surrounding nodes.

Ėin + Ėgen = Ėst

4∑
j=1

qj→i + Ėgen = ρcpV
∂Ti

∂t

Here, the sum represents all the energy entering the control volume of node Ni from the Nj

surrounding nodes. Since we only consider conduction at this moment, qj→i = −kAr
T p
i −T p

j

∆r
,

where r is the spatial direction between the nodes Nj and Ni, e.g (r = x,y, or z). Expanding
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the energy balance above to include the z-direction leads to the following finite difference

equation with γ = 1
ρcpV

,

T p+1
i = γkAx∆t

[
T p
−x + T p

+x − 2T p
i

∆x

]
+ γkAy∆t

[
T p
−y + T p

+y − 2T p
i

∆y

]
+ γkAz∆t

[
T p
−z + T p

+z − 2T p
i

∆z

]
+ γ∆tĖp

gen + T p
i . (3.5)

Equation 3.5 can then be written for all nodes in the mesh, creating a system of equations.

The system of equations states that for any given node Ni, its future temperature depends

on the nodes surrounding it and itself. The temperature profile for each node can be found

by marching through time and solving the system of equations at each time step. It should

be noted that the solution only converges if the coefficient paired with the current node of

interest at the previous time is greater than or equal to zero [40, p. 331]. In equation 3.5,

the current node of interest at the previous time is T p
i . We can find the coefficient of this

node by collecting like terms and then factoring out T p
i . Therefore, the coefficient for T p

i is,

1− 2γk∆t(
Ax

∆x
+

Ay

∆y
+

Az

∆z
). (3.6)

Next, enforcing that this coefficient is greater than or equal to zero leads to,
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1

2γk(Ax

∆x
+ Ay

∆y
+ Az

∆z
)
≥ ∆t. (3.7)

Hence, by choosing a discretizations for our mesh (∆x,∆y,∆z), we have also chosen the

max allowable timestep that will have a stable solution.
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Chapter 4

Radiative Thermal Modeling

4.1 Net Radiation Method

A mode of heat transfer that we did not include in our finite difference analysis is radiation.

Since our CubeSat will be placed in space, it is important to provide an analysis for this mode

of heat transfer. To identify the radiation exchange between each surface of a generic system,

a diffuse, gray, and uniform radiosity enclosure is assumed. This enclosure is sectioned into

surfaces that are assumed to be isothermal. Each surface has surface properties such as

emissivity ϵj, area Aj, temperature Tj, and a supplied energy qj that maintains the surface

j at its temperature. Or qj can be viewed as the net radiation loss from surface j[41, p. 218

- 220].
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Figure 4.1: Generic enclosure depicting how the isothermal surfaces interact through incoming
radiation from all surfaces (G) and outgoing radiation from a given surface (J) . A consequence of
assuming that each surface is diffuse, gray, and emits uniformly is that ϵ = γ. qj represented all the
energy supplied to surface j through means other than internal radiation. For transient solutions,
qj also represents the net ration loss from surface j.

From the above figure it is clear that each surface in the enclosure will emit, absorb, and

reflect radiation. This complex behavior can be modeled by observing the net radiation

entering and leaving each surface as done by [41, p. 224]. Doing so results in the following
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system of equations,

n∑
j=1

(
δkj
ϵj

− Fkj
1− ϵj
ϵj

)
qj
Aj

=
n∑

j=1

(δkj − Fkj)σT
4
j (4.1)

The index n is the number of surfaces in the enclosure and also the number of equations.

The subscripts kj define the surfaces that interact, so Fkj is the view factor from surface k to

surface j. It is important to note that in order for this system of equations to be solved, each

surface must have either a temperature (Tj) or rate of energy flow (qj) boundary condition

defined for it.

Equation 4.1 is not only for steady-state calculations. It can be used for transient solutions

since qj is the instantaneous net radiation loss for each surface, meaning that it can match

with other boundary conditions [40, p. 212]. This lets qj naturally fit into any transient

finite difference equation.

4.2 Finite Difference Equation with Radiation

Now that the radiation between surfaces can be modeled, equation 3.1 needs to be altered

to include radiation. The only alteration needed is,

Ėin =
4∑

j=1

qj→i − qi,rad, (4.2)

where qi,rad is the instantaneous net radiation loss from the external surface associated with

node Ni. The minus sign is due to the radiation, qi,rad, being defined in the outward direction

of the control volume.
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Equation 3.5 now becomes,

T
(p+1)
i = γkAx∆t

[
T p
−x + T p

+x − 2T p
i

∆x

]
+ γkAy∆t

[
T p
−y + T p

+y − 2T p
i

∆y

]
+ γkAz∆t

[
T p
−z + T p

+z − 2T p
i

∆z

]
+ γ∆tĖp

gen − γ∆tqpi,rad + T p
i (4.3)

where qi,rad is solved for using equation 4.1. Equation 4.3 can be solved for each node by

stepping through time. Since the radiation term is nonlinear, it will need to be linearized

in order to create a linear state-space representation. This can be done easily by using a

second-order Taylor series.
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Chapter 5

Thermal Desktop Modeling: 1 Node Case

5.1 Model Creation

Thermal Desktop is used as a means to validate the thermal modeling done in this the-

sis. Thermal Desktop is a thermal finite element and finite difference software that uses

SINDA/FLUENT as its solver. It is exceptional at modeling all modes of heat transfer and

simplifying design processes. The process for creating a CubeSat and its optical system is

illustrated in the following sections, and it is used as a means to validate the finite difference

calculations done in MATLAB.

5.1.1 Defining Properties

Once Thermal Desktop is open, the first thing to do is define the thermal and optical

properties. This can be done by selecting ‘Thermal > Optical Properties > Edit Property

Data’ in the top ribbon bar. In this window, we can define the optical properties present in

the model. Aluminum is used since the CubeSat is made of this material. Once the property

has a name, the solar absorptivity and infrared emissivity can be defined. In addition,

wavelength dependencies can be added, however, in this thesis radiation is assumed to be

gray, diffuse.
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Figure 5.1: Thermal Desktop Optical Properties tab where the surface properties ϵ and γ can be
defined.

[42]

Next, the thermal properties can be created by going to ‘Thermal > Thermal Properties

> Edit Property Data’. Again, we can create the name of the thermal property and then

define the values for conduction, density, and specified heat.
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Figure 5.2: Thermal Desktop Thermal Properties tab where material properties like conductivity,
specific heat, and density can be defined.

[42]

5.1.2 Creating Geometry

For this thesis, a fairly simple geometry is used. Since the enclosure has no energy stor-

age, it will be modeled as a thin shell in Thermal Desktop. To do this select ‘Thermal >

Surfaces/Solids > Box’ from the ribbon bar.
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With the thin shell box created, the next task is to assign the thermal and optical properties

to the box. This is done by double-left clicking on the box. A new window will appear,

allowing us to edit the radiation and conduction properties of the box.

In the ‘Radiation’ tab, the ‘Analysis Group Name’ should be ‘BASE’, and the ‘Active

Side’ should be ‘both’. This ensures that the inside and outside of the box participate in

radiation. Next, the optical properties are assigned to the box through a dropdown menu.

To apply the properties change ‘Default’ to ‘Aluminum’.

Figure 5.3: Radiation Tab used to assign the defined surface properties to the thin shell structure
and define what surfaces can radiatively interact with each other.

[42]
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Next, in the ‘Cond/Cap’ tab, select the material to be ‘Aluminum’. Under the ‘Gen Nodes’

field, select ‘As Arithmetic (Zero Capacitance)’. This ensures that the thin shell cannot store

energy.

Figure 5.4: Conduction Tab used to assign material properties to the structure.

[42]

Now it is time to define the optical payload. Since the payload can store energy it will be

modeled as a finite difference solid. Select ‘Thermal > Surfaces/Solids > Solid Brick’. Once

this is done, a window will appear. In the ‘Subdivision tab’, ensure that center nodes are

used and that the x,y, and z directions are set to 1. This will assign one node to the entire

box. More nodes can be added by changing the values for each direction.
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Figure 5.5: Subdivision Tab used to define how many nodes should represent the Optical structure.

[42]

Next, under the ‘Radiation’ tab, the ‘Analysis Groups’ should be ‘Outside’ and applied

to all faces. This makes sure that only the outside of the brick participates in the radiation

exchange. Apply the defined optical properties to each surface in the same way as done for

the box.
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Figure 5.6: Radiation Tab used to assign the defined surface properties to the Optical system.

[42]

Finally, under the ‘Cond/Cap’ tab, select the materiel to be the one defined previously

and make sure that the ‘Generate Nodes’ field is set to ‘Based on material property’. This

will ensure that the optical system can store energy based on its material properties. Select

OK and close the window.
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Figure 5.7: Conduction Tab used to set the material properties of the Optical system.

[42]

Now that the geometry has been defined and properties assigned, it is time to run a

simulation.

5.2 Running Simulations

To run a simulation, go to ‘Thermal > Case Set Manager’. Double click ‘Case Set 0’ to

modify the type of solution. In the ‘Processes’ field, check every box to make sure conduction

and radiation are calculated and saved to your current working directory. In the ‘Solution

Type’ field, deselect Steady State and check Transient.
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Figure 5.8: Case Set Calculation tab used to select the type of solution that should be performed.

[42]

Next, select the ‘Radiation Task’ tab at the top. This tab is used to define how the

radiation is calculated between each surface. Click ‘Add’ in the bottom left to define the

radiation calculation type. Select ‘View Factors’ and then select the ‘Advanced Control’ tab.

In this tab change the ‘Nodalization Schemes’ to ‘Top/Bottom Specific’. Click OK to close

this window. While still in the ‘Radiation Task’ tab, click ‘Add’ again. Set the ‘Calculation

Type’ to ‘Radks’ and the ‘Calculation Method’ to ‘Progressive Radiation’. Click OK to close

the current window, and then click OK again to finish editing Case Set 0.
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Figure 5.9: Case Set Radiation tab used to ensure a radiation analysis is conducted and that
view factors are used instead of a ray trace.

[42]

5.3 Thermal Desktop Output

Select ‘Case Set 0’ in the ‘Case Set Manager’ then, in the bottom left, select ‘Run 1

Selected Case’. The software will now run the solver and display the post-processing screen.

Once complete, select the optical system by left clicking the brick once, then go to ‘Thermal

> Post Processing > X-Y Plot Data vs. Time’. This action will display the EZXY plotter,

which will plot the temperature versus time for the optical system. This data can be exported

to an excel file and imported to MATLAB by right-clicking the figure and selecting ‘Export
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Tabular Data’. This data can then be directly compared to the finite difference calculations

done in MATLAB.

Figure 5.10: Optical payload temperature response with a initial condition of 300K.

[42]
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Chapter 6

Single Node Example

6.1 Single Node Thermal Modeling

The purpose of creating a single node model is to examine the feasibility of the methods

derived in the previous chapters. Mainly, how to arrive at the A,B, and C matrices and then

use a control law to control the temperature of the optical payload. To do this, we derive

the nonlinear governing equation for the optical payload, convert the equation to its linear

state-space form, and apply control laws that are designed to give a desired response.

Problem Statement: The optical payload (Orange) in Figure 6.1 is inside the CubeSat

Structure (Cyan) and is initially at 300 Kelvin. The CubeSat radiatively loses heat to the

surroundings which are at 2.73 Kelvin. Develop a controller to drive the CubeSats optics

payload to 305K with no steady-state error. Assume all structures are made of aluminum

with absorptivity and emissivity equal to 0.5. The CubeSat is discretized into two nodes each

with their own control volumes. Node one is used to represent the entire optical payload,

while node two is used to represent the CubeSats structure.
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Figure 6.1: Thermal Desktop CubeSat depiction - Thin shell structure (cyan) completely encloses
the optical payload (orange). A face from the structure is made invisible so that we can see the
internal contents of the CubeSat.
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The first task is to derive the nonlinear governing equation for the optical payload. This

is done with equation 4.3. Since the entire optical payload is represented by a single node,

there is no conduction, as this requires the optical payload to be represented by at least

two nodes. Because of the absence of conduction, the only mode of heat transfer that the

optical payload experiences is radiation. Therefore, the energy balance for the interior of the

CubeSat is described by equation 4.1,

Optical Payload

Thin Shell Structure
Deep Space

Figure 6.2: CubeSat energy balance for Figure 6.1 depicting the radiative interaction between
the two isothermal surfaces. It is important to note the q2 is actually defined to be inside the the
structures surface as depicted in Figure 6.3.
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Since there are only two surfaces representing the enclosure, the optical payload and the

thin shell structure, equation 4.1 becomes the following system of equations,

(
δ1,1
ϵ1

− F1,1
1− ϵ1
ϵ1

)
q1
A1

+

(
δ1,2
ϵ2

− F1,2
1− ϵ2
ϵ2

)
q2
A2

= (δ1,1 − F1,1)σT
4
1 + (δ1,2 − F1,2)σT

4
2 ,

(6.1)(
δ2,1
ϵ1

− F2,1
1− ϵ1
ϵ1

)
q1
A1

+

(
δ2,2
ϵ2

− F2,2
1− ϵ2
ϵ2

)
q2
A2

= (δ2,1 − F2,1)σT
4
1 + (δ2,2 − F2,2)σT

4
2 .

(6.2)

The view factors can be found through view factor algebra which takes advantage of the

fact that the view factor from any given surface to all other surfaces summed together in

a enclosure always equals one [41, Ch. 4]. Since the optical payload (surface 1) is inside

the structure (surface 2), F1,1 + F1,2 = 1. Because surface 1 cannot see itself, F1,1 = 0 and

therefore F1,2 = 1. F2,1 can be found from the reciprocity relationship A1F1,2 = A2F2,1,

which results in F2,1 = A1

A2
. Since it is assumed that only the temperature of the optical

payload is known, the above system of equations has two equations with three unknowns.

To remove a unknown and solve the system of equations, we will need an extra equation.

The third equation can found by observing the radiation outside the CubeSats structure. By

assuming the enclosure is a thin shell and taking special care to define properties consistent

with the internal control volume one gets,

Ėin = 0,

−q2 − ϵ2σA2(T
4
2 − T 4

∞) = 0.
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Enclosure Exterior

Thin Shell Structure

Enclosure Interior

Figure 6.3: Thin shell structure control volume used to link the CubeSats interior radiation to
the CubeSats exterior ration. q2 is defined in a manor to stay consistent with the enclosure theory
assumptions.

With these three equations, the net radiation loss of the optical payload can be found in

terms of its temperature,

qp1 =
(T p

1 )
4 − 55.55

3.39× 108
(Watts). (6.3)

Since q1(T ) is defined as the instantaneous net radiation loss of the optical payload, the finite

difference equation becomes,

Ėst = Ėin + Ėgen

ρcpV
T p+1
1 − T p

1

∆t
= −qp1 + Ėp

gen

T p+1
1 = −∆tγqp1 +∆tγĖp

gen + T p
1 . (6.4)
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Using,

ρ = 2702 (kg/m2), cp = 903 (J/kg/K), (6.5)

ϵ = 0.5, A1 = 0.01664 (m2), (6.6)

A2 = 0.4156 (m2), T1 = 300 (K), (6.7)

T∞ = 2.74 (K), Ėp
gen = 0 (W), (6.8)

and solving for qp1 and then solving for T p+1
1 at each time step gives
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Figure 6.4: Derived nonlinear single node temperature response compared to Thermal Desktop
results. The agreement between MATLAB and Thermal Desktop results validates the methodology
used.
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From the above figure, it is clear that the nonlinear finite difference equation matches the

Thermal Desktop results which validates the thermal modeling method taken. By viewing

the residuals between MATLAB and Thermal Desktop by taking the absolute value of their

difference, we can quantify this agreement.
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Figure 6.5: Single node residual analysis between MATLAB and Thermal desktop. These resid-
uals validate the approach taken as after 10 hours the difference between results is only 0.1 Kelvin

To reach a linear state-space model for the optical payload, the nonlinear radiation term

needs to be linearized with respect to temperature about the equilibrium point (Teq = 300K,
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ueq = Ėeq,gen = 23.87W ) as done in Section 2.6. Doing so gives,

∆Tk+1 = [0.999]∆Tk + [0.0001]∆uk, (6.9)

which results in Figure 6.6 after setting ∆Ėgen = ∆uk = −23.87W and by adding Teq to

∆T to get the unperturbed temperature free response. Note the change of notation from T p

to Tk, where the superscript p is changed to the subscript k. So for the future if k is used

as a subscript it represents the current time step. If k is seen alone then is represents the

thermal conductivity.
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Figure 6.6: Single node linear temperature response compared to the nonlinear Thermal Desktop
results. Note that the linear response is linear in temperature, which is why the linear response
does not show a linear relationship when plotted against time.



66

As expected, the linear response matches well with the nonlinear response around the

operating point, meaning that there exists a region where the nonlinear and linear governing

equations are identical to each other. This is a key result as even though we plan to control

the linear dynamics, we are actually controlling the true nonlinear dynamics if we stay near

the operating point. Another notable result is that the linearized radiation equation is linear

with respect to temperature and not time. Because of this, the blue dashed line in Figure

6.6 is nonlinear with respect to time.

6.2 Single Node Thermal Control

From equation 6.9, it is seen that the open-loop system has stable dynamics since the

eigenvalues of A are inside the unit circle. This is not surprising as heat transfer is known

to have a stable response towards its equilibrium point.

To control this system and close the loop, the following control law is used,

∆uk = G∆rk −K∆Tk, (6.10)

where ∆rk is the change in the reference signal. The closed-loop system then becomes,

∆Tk+1 = (A−BK)∆Tk +BG∆rk, (6.11)

where K is found by placing the poles of A at λ = 0.999. Finally, G is found through the

equation 2.31.

The closed-loop dynamics are now given by,
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∆Tk+1 = 0.999∆Tk + 0.001∆rk, (6.12)

∆yk = ∆Tk, (6.13)

assuming that the state (∆Tk) can be observed with a sensor. If the change in the reference

signal is a step input that steps from 300K to 305K at 0 seconds, then the optical payloads

temperature will track the step signal with zero steady-state error, as in Figure 6.7.
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Figure 6.7: Single node temperature response after closing the loop and implementing state
feedback with steady-state tracking and shifting the temperature by Teq. Note that the transient
response is dictated completely by the designers pole placement choice.



68

The required input to achieve this is found by back substituting G,K,∆rk and ∆Tk into

the control law. The required input can then be plotted against time as done in Figure 6.8.
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Figure 6.8: Input required to produce the temperature response in Figure 6.7 after shifting by
ueq. A large input peak occurs as the control law, ∆uk = G∆rk − K∆Tk, initially produces
larges values since there is a significant difference between rk and xk. The Input then settles to its
steady-state value as rk and xk become closer.

From the above figure, it is observed that a max input of 72.6 Watts and then a steady-

state input of 25.5 Watts is required to regulate the optical payload from 300K to 305K as

done in Figure 6.7. For the current CubeSat thermal configuration, this max input exceeds

what the CubeSat can generate from solar-panels alone. Since the solar radiative flux around

Earth is on average 1350 W/m2, and the cross sectional area for where a solar panel could be
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attached to the CubeSats structure is 0.0512 m2, the total incident energy on the solar panel

is 69.12 Watts. Next, taking into account that the efficiency of a solar panel is about 30%,

the total energy collected by the panel is 20.7 Watts. This means that the CubeSat would

be in a energy deficit its entire life even if in constant sun light. A feasible next step would

be to change the thermal and radiative properties of the CubeSat so that the steady-state

heating value of 20.7 Watts can be reached. The max input is not worrisome, as this value

can be reduced by changing the close loop eigenvalues.

The importance of eigenvalue placement can be seen in Figures 6.7 and 6.8 as this is what

dictates the response in each figure. If λ were placed closer to 1, the system would respond

slower and the max input would be smaller. The opposite is true if λ were placed closer

to 0. Additionally, for systems with more than one input, if λ were chosen to be complex

conjugates of each other, the system would be second order, as some overshoot would exist

in the response. However, since precise temperature regulation is desired, complex conjugate

poles should be avoided.

A minor inconvenience of the approach taken is that there are no constraints on the

input. For example, if the initial state was 300K but the desired final state is 3,000K, there

would exist an input that would drive the system to that final temperature. To avoid these

unfeasible inputs, input constraints would need to be included. However, pole placement is

not as useful in this context as the poles cannot be arbitrarily placed when constraints exist.

In addition, pole placement focuses on tailoring the system response, not a constrained

search. These reasons violate the fundamental concept of pole-placement; therefore, it is

important for the designer to understand the limits of their system.
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Since a linear model is used to control the nonlinear dynamics, the derived control law can

only be used in a region where the linear and nonlinear models agree well with each other.

This region was identified as 280K to 320K from Figure 6.6, within which the difference

between the linear and nonlinear models remains below 0.25K. If the optical payload exceeds

this temperature region, then a new controller will need to be made for the new initial

conditions and operating point. The same derived thermal model can be reused with updated

values to determine a new control law. The CubeSat could then switch between control laws

depending on its current temperature.
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Chapter 7

Eight Node Model

7.1 Eight Inputs Eight Outputs

A eight node model is a step up in complexity from the one node model as conduction

is now considered. The finite difference equation is of the exact same form as equation 4.3.

This leads to very similar results to the one node case. The benefit of the 8 node case is that

now there are up to 8 inputs that can control the temperature of the optics box.

Problem Statement: The optics payload (Orange) in Figure 6.1 is inside the CubeSat

Structure (Cyan) and is initially at 300 Kelvin. The CubeSat radiatively loses heat to the

surroundings at 2.73 Kelvin. Develop a controller to drive the optics box to 305 Kelvin with

no steady-state error. Assume all structures are made of aluminum with absorptivity and

emissivity equal to 0.5. The CubeSat is discretized into nine nodes with their own control

volumes. The optical payload is represented by nodes one through eight, and the CubeSat

structure is represented by node nine.

As in the single node case, we want to derive the finite difference equations for the optics

box. To model the radiation inside the CubeSat, equation 4.1 should be used, and it is

reiterated for convenience below.
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N∑
j=1

(
δkj
ϵj

− Fkj
1− ϵj
ϵj

)
qj
Aj

=
N∑
j=1

(δkj − Fkj)σT
4
j (7.1)

The unknown view factors can be solved using view factor algebra and reciprocity relation-

ships [41, Ch. 4]. This task is made easier by remembering that each surface on the optics

box cannot see itself (surfaces 1 - 8). This leads to a view factor matrix,

F =



0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1

0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.5998



. (7.2)

Again, this system of equations has 9 equations with 10 unknowns since only the temperature

of nodes one through eight are known. The extra equation needed to solve this system is

found by observing the radiation outside the CubeSats thin shell structure. The extra

equation needed is found to be the same as the single node case,

−q2 − ϵ9σA9(T
4
9 − T 4

∞) = 0 (7.3)
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With these 10 equations, qp1−8 can be found in terms of its current temperature T p
1−8.

These derived equations can be combined with equation 4.3 to arrive at a complete thermal

representation of the optical payload.

T
(p+1)
i = γkAx∆t

[
T p
−x + T p

+x − 2T p
i

∆x

]
+ γkAy∆t

[
T p
−y + T p

+y − 2T p
i

∆y

]
+ γkAz∆t

[
T p
−z + T p

+z − 2T p
i

∆z

]
+ γ∆tĖp

gen − γ∆tqpi,rad + T p
i (7.4)

By identifying the nodes surrounding node Ni and inserting the known values for qpi,rad, a

nonlinear equation for each node in the optical system can be found. The temperature profile

for each node in this equation can be determined by iteratively stepping through time as

seen in Figure 7.1.
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Figure 7.1: Derived nonlinear eight node temperature response compared to Thermal Desktop
results. The agreement between MATLAB and Thermal Desktop results validates the methodology
used.

Since each node in the thermal model starts at a initial equilibrium temperature of 300K

and experiences the same radiation from the CubeSats structure, the nonlinear temperature

profile of each of the eight nodes is similar to that of the one node case. The initial conditions

can be changed to show that conduction has been successfully applied. Figure 7.2 illustrates

that the primary mode of heat transfer for the CubeSat is through radiation, as conduction

is highly damped. For this reason, it is not surprising that the single node and eight node

temperature profiles match when starting at the same initial conditions.
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Figure 7.2: Derived nonlinear eight node temperature response with different initial conditions.
Used to illustrate that conduction is highly damped.

Again, the agreement between results in Figure 7.1 validates the approach taken. By

taking the difference between the Thermal Desktop and MATLAB results, we can quantify

this agreement in Figure 7.3.
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Figure 7.3: Residual analysis between Thermal Desktop and MATLAB. The small residuals
indicate that there is practically no difference between results on this time scale. At the end of a
10 hour simulation, the results differ by less than 0.18 Kelvin.

To emphasize that Figures 7.1 and 7.3 actually have eight lines representing the tempera-

ture profiles of each of the eight nodes of the optical system, we can zoom in on the residuals

as illustrated by Figure 7.4.
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Figure 7.4: Magnified version of Figure 7.3 and used to illustrate that there are in fact eight
temperature profiles being plotted in Figures 7.1 and 7.3.

The results from Figure 7.1 are nonlinear and in order to find a linear system the radiation

terms need to be linearized. This can be done with a Taylor series as done in Section 2.6,

∆Tk+1 = A∆Tk +B∆uk, (7.5)

where A ∈ R8×8, B ∈ R8×8, and ∆Tk+1,∆Tk,∆uk ∈ R8×1 ; The expansion point of the

Taylor series is Teq ∈ R8×1 = 300K and ueq ∈ R8×1 = 2.98W for each of the eight nodes.
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Again, solving for the linear temperature free response in the same way as the single node

case leads to Figure 7.5.

0 0.5 1 1.5 2 2.5 3 3.5

104

245

250

255

260

265

270

275

280

285

290

295

300

Figure 7.5: Linear eight node temperature response compared to the nonlinear Thermal Desktop
results.

Next, the same control law from the one node case can be used to perform state feedback

with steady-state tracking.

∆uk = G∆rk −K∆xk, (7.6)

with K and G ∈ R8×8.
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K is found by placing the 8 poles of the system. The closed-loop poles are arbitrarily

chosen as λ = [0.7, 0.73, 0.76, 0.8, 0.83, 0.86, 0.88, 0.89]. G is found by substituting in known

values into equation 2.31.

The closed-loop system can now be formed in the same fashion as the single node case.

Doing so leads to Figure 7.6.
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Figure 7.6: Eight node closed loop step response illustrating the effects of pole placement. Poles
with magnitude close to zero have a quick response and poles with magnitudes close to one re-
sponded slower.

As can be seen, the eight node system tracks the reference signal with no steady-state error

as designed. Since each node has a different eigenvalue, each node has its own response. The
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nodes with eigenvalues closer to one respond slower, and the nodes with eigenvalues closer

to zero respond faster. The input response to produce this output is given in Figure 7.7.
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Figure 7.7: Input required to move the optical system as done in Figure 7.6. A large input peak
occurs as we are quickly changing the temperature of the optical system by 5 Kelvin (over 1000
seconds).

Although an eight-input eight-output thermal model and control law for the optical pay-

load is convenient to show that the linear control method taken works, it is not a system

likely to be encountered in practice. There will exist nodes to which it is not possible to

physically attach heaters. Therefore, in the next section we provide an analysis for a model

that only includes seven-inputs and eight-outputs.
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7.2 Seven Inputs Eight Outputs

As the number of nodes increases, there will be nodes where it is physically impossible to

attach heaters. This lack of inputs will cause the B matrix to no longer be square and, in

turn, potentially prevent perfect steady-state tracking. To see this effect, we take the original

eight node system, and remove a column from its B matrix. This modifies the system into

one where seven of the eight nodes have an input and all the nodes have a sensor that outputs

their temperatures.

To control this system we use a similar approach to what we have done previously. In the

previous approaches, we linearized the dynamics to form a perturbed state-space equation,

like equation 6.9. However, now that B is not square, we need to take special care when

finding the steady-state matrix G.

To start our analysis we start with the perturbed dynamics,

∆Tk+1 = A∆Tk +B∆uk. (7.7)

The output can also be written is the same form,

∆yk = C∆Tk, (7.8)
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where A ∈ R8×8, B ∈ R8×7 and C ∈ R8×8. Our equilibrium vectors are chosen to be,

Teq =



300.0975

300.0328

300.0970

300.0268

300.0953

300.0147

300.0940

299.9864



(K),ueq =



3.415

3.415

3.415

3.415

3.415

3.415

3.415



(W). (7.9)

The equilibrium vectors (Teq, ueq) were determined from the derived nonlinear dynamics, and

chosen to be close to 300K. Because one of the nodes does not have a heating input, the

equilibrium vectors are non-constant.

From here we can design and control the dynamics in the usual fashion with,

∆uk = G∆rk −K∆Tk, (7.10)

which results in,

∆Tk+1 = (A−BK)∆Tk + (BG)∆rk (7.11)

∆yk = C∆Tk, (7.12)

where K and G ∈ R7×8.
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The gainK is designed by placing the eight poles at λ = [0.8, 0.81, 0.82, 0.84, 0.85, 0.87, 0.88, 0.90].

In order to design the gain G, equation 2.35 is used which will provide steady-state tracking

if min
G

||I − V G||2 = 0 which is the case when V has a right inverse. If min
G

||I − V G||2 ̸= 0,

then we have approximate steady state tracking, which is the case for this example. Finally,

the perturbed reference signal (∆rk) to be tracked is a step from 0 to 5 Kelvin for each

node. Plugging the designed K and G into the closed-loop system, simulating the perturbed

temperature and input responses, and finally shifting the perturbed temperature and input

response by the equilibrium point (Teq,ueq) results in figures 7.8 and 7.9. As seen in Figure

7.8, our control design tracks the reference signal extremely well, however there are small

steady-state errors that persist.
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Figure 7.8: Closed loop step response illustrating the steady-state error that is caused by only
using seven heaters.
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Figure 7.9: Input required to move the optical system as done in Figure 7.8.



86

Chapter 8

Summary & Future Work

The motivation behind this thesis is to maintain a CubeSats optical payload at a prede-

termined temperature to ensure that the geometric relationship between optical components

remains as designed. The optical payload represents all optical components, including the

primary and secondary mirrors of the telescope. If the mirrors are not maintained at their

designed temperatures, thermal expansion will change the geometric relationship between

the two mirrors, leading to blurry science images. Therefore, a stable thermal environment

that does not change the geometrical properties of the optical payload is necessary. To

achieve this goal, we first discretize the CubeSat into elements and create a nonlinear fi-

nite difference equation for the optical payload that accounts for; 1. Conduction between

elements in the optical payload; 2. Radiation between the elements of the optical payload,

the structure surrounding the optical payload, and deep space; 3. Heating source inside

each optical payload element that is used to increase its temperature if needed. This non-

linear finite difference model is then linearized and written in a linear state-space form for

which linear control methodologies can be applied to ensure the optical system remains at

its designed temperature. The main methodology we take advantage of is the control law,

uk = Grk −Kxk, which provides precise tracking of the reference signal through the proper
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design of the gain matrices G and K. By setting the tracking signal equal to the optical pay-

load design temperature, we can ensure that the optical payloads geometrical relationships

remain as designed.

The approach outlined was carried out for two different CubeSat discretizations; 1. One

element representing the optical payload and one element representing the CubeSat structure

surrounding the optical payload; 2. Eight elements representing the optical payload and one

element representing the CubeSat structure surrounding the optical payload. In both element

discretizations, we were able to derive a nonlinear finite difference equation that matched

with a high-fidelity thermal simulator which verifies our thermal modeling approach. We

next linearized the finite difference equations to arrive at a linear state-space equation for

both CubeSat discretizations. By assuming that all the elements in the optical payload

could have their temperatures controlled by their heating sources, and that each element

has a sensor to output the elements temperature, we were able to design a controller for the

optical payload. This controller maintains each element of the optical payload at its designed

temperature to ensure the geometrical relationships are unaltered.

Another controller was designed for the eight optical payload element case, but this time

with a different configuration. In this new configuration we assume that only seven of

the eight elements in the optical payload have a heating source, and that all the elements

have a sensor to output their temperature. By doing this, we explore the feasibility of

maintaining the optical payload at its designed temperature despite a portion of the payload

not having a heating source. It was found that a controller does exists that can control

the system as desired, however it will not provide steady-state tracking. This controller will

have some steady-state error due to necessary modifications to the G matrix in the control



88

law, uk = Grk −Kxk. Even though this controller will have some issues with maintaining

steady-state tracking, as long as the temperature of the optical payload is known and close to

its designed temperature, optical engineers can make adjustments to produce a clear image.

In short, this thesis illustrates how to model and control the temperature of a CubeSat

in space. However, the current controller design and results are based purely in theory, so a

logical next step would be to test the controller design and validate the results with a physical

system. Fortunately, this is possible in the University of Arizona Space Astrophysics Lab, as

we have access to a thermal vacuum chamber that can simulate space environments. Another

next step would be to create finer models with more nodes. With more discretizations comes

more accuracy and the ability to simulate realistic heating source locations. Finally, another

direction we could head in is using a different control method to regulate the CubeSats

temperature. One limitation we observed from our linear state-space approach was the lack

of constraints on the heating source, resulting in the designer needing to take special care

when placing the pole of the system. However, we could instead employ a method like Model

Predictive Control (MPC). MPC minimizes a cost function to determine the next input to

the system [43]. This cost function can constrain the input resulting in the designer not

having to worry about unrealistic inputs as they do with linear state-space control.
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Appendix A

MATLAB Code

MATLAB code: State Space Thermal Control of CubeSats

URL: https://github.com/mklupar/State-Space-Thermal-Control-of-CubeSats

8 Node A,B,C Matrices:

Figure A.1: Open Loop dynamic triplet matrices A,B, and C for the eight input eight output
case. The ninth state is used to model the constant term after linearizing the nonlinear dynamics.

https://github.com/mklupar/State-Space-Thermal-Control-of-CubeSats
https://github.com/mklupar/State-Space-Thermal-Control-of-CubeSats
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