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ABSTRACT

In network analysis, community detection aims to partition the nodes into meaningful
groups based on their connections. To study this problem, random graph models such as the
Stochastic Block Model (SBM) and the Degree-Corrected Stochastic Block Model (DCSBM)
are widely used. A common approach for estimating communities is spectral clustering,
a dimension reduction technique that maps the nodes to a lower-dimensional space while
preserving the relevant information. Specifically, the eigenvectors of a particular matrix are
used as a representation of each node. These methods are popular due to their simplicity
and relative effectiveness.

In this thesis, we investigate the identifiability of the SBM and DCSBM, addressing a
gap in the existing literature. We then generalize the matrices commonly used in spec-
tral methods, and introduce the degree-corrected Laplacian, which accounts for the degree
heterogeneity introduced by the DCSBM. We prove that the spectral clustering method in-
duced by this matrix is consistent, and show that it enjoys the same asymptotic properties
as its classical counterparts. Finally, we propose a spectral clustering algorithm based on the
degree-corrected Laplacian and evaluate its performance through simulated and real-world

network data.
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Chapter 1

Introduction

Network analysis describes and models relationships between agents in populations of in-
terest, with applications spanning a wide range of domains. In social networks, we may ana-
lyze connections between people to understand how information and misinformation spread
(DeGroot, 1974). In biochemical networks, understanding complex interactions between
genes and proteins can facilitate more efficient drug development (D’haeseleer, 2005). In
ecology, organisms exhibit hierarchical organization, in which populations can be split into
communities which further split into subcommunities (Krause et al., 2003).

At a high level, a network can be represented by a binary matrix indicating the presence
or absence of edges between n nodes. Many statistical models exist for network data, but the
Stochastic Block Model (SBM) is among the most popular due to its simple structure, which
facilitates theoretical analysis (Holland et al., 1983). In the SBM, the n nodes are partitioned
into K < n communities, and edges are drawn between the nodes independently, with
probabilities that depend only on the group memberships. This simple model can simulate
group dynamics well, but it assumes that all nodes in the same group behave in exactly the
same way. To better account for real-world dynamics, the Degree-Corrected Stochastic Block
Model (DCSBM) was introduced to account for individual differences within a group (Karrer
and Newman, 2011). In the DCSBM, each node is assigned a degree-correction parameter
that represents its propensity for forming connections. Several other extensions of the SBM
have been proposed, including models for directed networks (Wang and Wong, 1987) and
networks for nodes with mixed memberships (Airoldi et al., 2008). These models are well-
studied, particularly from the perspective of community detection, which aims to recover

the unobserved communities from a single realization of a network. The DCSBM remains
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a popular framework due to its balance between model flexibility and analytic tractability,
and many modern community detection algorithms have been proposed based on it (Qin
and Rohe, 2013; Jin et al., 2022; Qing and Wang, 2024; Chen et al., 2018; Pal and Coates,
2019). In these models, self-loops are typically disallowed (Jin, 2015; Lei and Rinaldo, 2015;
Qin and Rohe, 2013), which leads to a subtle identifiability issue. We clarify the source of
the issue and provide a simple sufficient condition for identifiability (Park et al., 2025).

Many community detection techniques focus on efficiently searching possible partitions for
one that maximizes a modularity score (Clauset et al., 2004; Blondel et al., 2008). These
techniques become impractical as the number of nodes grows, as this results in extremely
high-dimensional representations. This high dimensionality can obscure simple relationships
among nodes. Embedding the nodes into a lower-dimensional latent space can facilitate
analysis and lead to more interpretable conclusions. A natural dimension reduction technique
is to assume that the nodes are organized into distinct communities that behave similarly,
as in the SBM and DCSBM. In these models, the matrices associated with the graphs are
low-rank, and they have convenient spectral properties that aid in community detection
(Von Luxburg, 2007). These techniques exploit the assumed community structure to embed
the nodes in a lower-dimensional space. These representations are constructed from the
spectral properties of matrices associated with the network, and are thus generally referred
to as spectral methods.

In general, spectral methods use the eigenvectors and eigenvalues of some graph matrix
to infer community membership. Assuming K is known, the eigenvectors corresponding to
the K largest eigenvalues are computed and stacked column-wise into a matrix. The rows of
this matrix are then clustered using k-means or similar rotation-invariant clustering method
(Ng et al., 2001). Spectral methods are celebrated for their simple but effective approach,
particularly in the SBM. While many standard approaches can detect communities consis-
tently in the dense case, when the number of edges is relatively large, real-world networks
often display sparsity, in which the number of nodes is much higher relative to the number
of edges. Spectral clustering is well-known to achieve consistent community detection in the
sparse case, when the expected degree of the nodes grows at least as fast as logn (Rohe

et al., 2011; Jing et al., 2022). In addition to providing consistent results, its computational
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efficiency makes it an ideal candidate for initializing more expensive, iterative algorithms,
which can achieve consistency in even sparser cases (Gao et al., 2017).

Despite these advantages, spectral methods face several drawbacks. The techniques extend
naturally to the DCSBM, but the flexibility of the model complicates the simple structure of
the eigenvectors. The low-rank structure of the expected adjacency matrix is preserved, but
the resulting eigenvectors are scaled by the degree-correction parameters, which necessitates
a normalization of the rows before clustering (Ng et al., 2001). The proof techniques used to
prove consistency for these modifications impose a penalty on the overall convergence rate
(Lei and Rinaldo, 2015).

Additionally, most literature on spectral methods focuses on embeddings derived from two
specific matrices — the adjacency matrix and the symmetric Laplacian (Abbe, 2018; Tang
and Priebe, 2018). These matrices are natural choices for analysis because they are well-
understood representations of graphs, and the resulting community detection algorithms
provide intuitive mathematical interpretations. In particular, the symmetric Laplacian is
similar to a row-stochastic matrix, providing a natural probabilistic interpretation for the
induced spectral clustering (Chung, 1997). However, recent work has shown that modi-
fied forms of these matrices can yield better results under certain conditions. Modell and
Rubin-Delanchy (2021) consider the row-stochastic matrix itself, and Qing and Wang (2024)
consider a spectral method called Dual-Regularized spectral clustering (DRSC), which uti-
lizes a Laplacian with the similarity matrix applied twice.

This thesis is motivated by the observation that the diagonal degree matrix admits frac-
tional powers. This leads to the definition of the degree-a Laplacian, a one-parameter family
of graph operators that naturally generalizes the adjacency and symmetric Laplacian matri-
ces. We show that for all a € [0, 1], the degree-a Laplacian preserves the low-rank structure
of the underlying block model, and enjoys the same spectral properties as its classical coun-
terparts. In particular, the case @ = 1 is of special interest: the resulting degree-corrected
Laplacian automatically removes the effects of degree heterogeneity in the DCSBM.

Building on these theoretical insights, we introduce Degree-Corrected Spectral Clustering
(DCSC), a practical algorithm that uses the degree-corrected Laplacian for community de-

tection. The algorithm is simple to implement, computationally efficient, and robust across a
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broad range of network regimes. Our theoretical analysis establishes conditions under which
DCSC achieves consistent community recovery. Numerical studies and applications to em-
pirical datasets show that DCSC offers measurable improvements over traditional spectral
clustering, particularly when communities are highly imbalanced or networks are sparse.

In addition to modifying the matrix used in spectral clustering, recent work has shown
there are several post-processing techniques that can improve performance of the algorithms
on real-world datasets. Jin et al. (2022) suggest using additional eigenvectors for analysis,
which can mitigate the impact of eigenvector reordering in noisy regimes. Qing and Wang
(2024) consider weighting the eigenvectors prior to clustering, which can also improve per-
formance. Finally, Joseph and Yu (2016) consider the impact of regularization on spectral
clustering, showing it can improve theoretical guarantees. We investigate the impact of these
modifications when applied to the degree-a Laplacian.

The remainder of this dissertation is organized as follows. Chapter 2 introduces the random
graph models used throughout the thesis, including the SBM, DCSBM, and their degree-
corrected variants. We also discuss a subtle identifiability issue that arises when self-loops
are absent and present a simple sufficient condition that resolves this gap in the literature
(Park et al., 2025). The chapter concludes with a review of spectral embedding methods
and existing results on their asymptotic behavior.

In Chapter 3, we introduce a degree-a Laplacian and develop analogous consistency results
for the spectral clustering that arise from this matrix. We show that the induced embed-
ding shares a simple distributional structure with the adjacency and symmetric Laplacian
embeddings. In Chapter 4, we discuss practical guidelines for spectral clustering, introduc-
ing several modifications that can improve the performance of the algorithm in real-world
networks. In particular, we show that a regularized version of the degree-a Laplacian also
induces a consistent spectral clustering algorithm. In Chapter 5, we compare the various
spectral clustering algorithms introduced through theoretical arguments, numerical simula-
tions, and real-world datasets. Finally, Chapter 6 summarizes the main contributions of the
dissertation and discusses several directions for future research.

We collect here the notation used throughout the dissertation. For a matrix M, ||M]|

will represent the spectral norm of the matrix. If any other norm is used, the appropriate
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subscript will be used to denote the norm. We use ||[M|| for the Frobenius norm and
[ M][5 o = max; [|Mi.||, to denote the 2 — oo norm (Cape et al., 2019b). |lv[|, denotes the
¢5 norm of a vector.

Graphs are represented by their adjacency matrices A = (a;;), with corresponding degree
matrix D = diag(dy, ...,d,), where d; = >, a;;. Random quantities estimated from data
are indicated by hats, such as D.

We say an event A,, occurs “with high probability” if, for any constant c;, there exists
a constant ¢ (which may depend on ¢;) such that P(A,) > 1 —con™. We say f(n) =
O(g(n)) if there exists a constant ¢ independent of n and an ng such that for all n > ny,
f(n) < czg(n). If this statement is followed by “with high probability,” the constant c3 may
depend on ¢;. We say that f(n) = Q(g(n)) if there exists a constant ¢4 independent of n and
an ny such that for all n > ny, f(n) > cqg(n). Similarly, we say f(n) = o(g(n)) if for every
constant ¢ there exists an ng such that for all n > ng, f(n) < cg(n) and f(n) = w(g(n)) if
for every constant ¢ there exists an ny such that for all n > ng, f(n) > cg(n). Finally, we
say that f(n) < g(n) if f(n) = O(g(n)) and f(n) = Q2(g(n)). Additional notation specific to

individual models or results is introduced as needed in later chapters.
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Chapter 2

Background and Setting

In this chapter, we review the background for community detection in networks. We
begin with an overview of the primary statistical framework for this field, the random graph
model, providing the general definition and several specific, illustrative examples. In this
review, we also address a subtle gap that exists in the literature regarding the identifiability
of these models. Next, we introduce spectral clustering, a widely used technique that utilizes
the spectral properties of graphs for community detection. Finally, we review some existing
results that characterize the distribution of the eigenvectors of random graphs. In particular,
these results show that the eigenvector deviations are asymptotically normal, with means
and covariances that can be explicitly described in terms of the model parameters.

In their most general form, random graph models begin with n nodes and draw edges
between them at random. Many models of varying complexity and flexibility have been
proposed (Athreya et al., 2018). However, it is particularly convenient to assume the edges
are drawn independently. We will focus on undirected graphs without self loops, so the
resulting adjacency matrices will be symmetric with diagonal entries of the adjacency matrix

will be set to 0. To that end, the graph models we will study will have the following form.

Definition 1 (Random Graph). Let P = (p;;) be an n x n matriz with entries in [0,1]. We
may define a random graph by setting the entries of its adjacency matriv A = (a;;). For
1 < j, the entries satisfy

a;j ~ Bern(pi;).
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The remaining entries satisfy

0ifi=j
ai]-:
Aj; = Q5 Zf7,>j

It is also convenient to assume the expected adjacency matrix P is low rank, as this admits
a simple decomposition of P. To that end, we do not set the diagonal of P to be 0, instead
filling the diagonal with the entries that will allow P to be low rank. We begin with a
particularly flexible model that satisfies these requirements, the random dot product graph

model (RDPG).

2.1 The Random Dot Product Graph Model

In the random dot product graph model, each node is assigned a latent position R?, and the
probability of a connection between two nodes is given by the dot product between the latent
positions (Young and Scheinerman, 2007; Hoff et al., 2002; Handcock et al., 2007). These
models are flexible, encompassing a wide range of other graph models while maintaining
interpretability. In the latent space, nodes at a similar angle behave similarly. Additionally,
distance to the origin represents a node’s propensity for connection. We provide a formal

definition below.

Definition 2 (Random Dot Prodct Graph Model). A graph follows a random dot product
graph model with latent positions X1, ..., X, € R? if

pi; = (X;, X;) € [0,1].

Equivalently, if we define X = [X1|Xs|---|X,]", P=XX".

There are two sources of non-identifiability in the latent positions of an RDPG. First, the
latent positions may lie in S, a d’ dimensional subspace of R? with d’ < d. If this is the case,
we may express each latent position in terms of an orthonormal basis of .S without changing
the inner products. We thus assume that the span of the latent positions is R?. Equivalently,

we assume that the rank of P is exactly d. The other source of non-identifiability is that any
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orthogonal transformation of the latent positions will produce the same model. The results of
this thesis will thus generally be up to an orthogonal transformation ). These assumptions
are standard when studying RDPGs (Tang and Priebe, 2018; Modell and Rubin-Delanchy,
2021).

We now introduce some random graph models which are special cases of the random dot
product graph model and analyze the geometry of their latent positions. Figure 2.1 depicts

the latent positions of each model geometrically.

2.1.1 FErdos-Rényi Model

The prototypical example of a random graph is the Erdos-Rényi graph, in which the
presence of any edge is an independent Bernoulli random variable with success probability
p (Gilbert, 1959). This deceptively simple model gives rise to quite complex behavior, and
its properties have been studied extensively.

A highly relevant property of the graph is its connectedness, and it was shown that an
Erdos-Rényi graph is almost surely connected if np = w(logn) and almost surely discon-
nected otherwise (Erdés and Rényi, 1960). This phase transition is relevant in community
modeling, which we describe in the next section. As a random dot product graph, the la-
tent positions are one-dimensional, and each node shares the same position, X; = /p. A

geometric depiction of the latent positions is given in Figure 2.1a.

2.1.2 The Stochastic Block Model

We now begin to model community structure, in which the n nodes are partitioned into
K communities, and the behavior of the node depends only on its community. To that end,
we define a community membership matrix Z that partitions the nodes, and a community

connection matrix B that describes how communities relate.

Definition 3 (Community Membership Matrix). Z is an nx K binary matriz where Zy, = 1
if node v belongs to community k, and 0 otherwise. We use z; to denote the community label
of node i. That is, z; = k if and only if Z;, = 1. Denote by M, i the collection of all possible

community membership matrices for n nodes and K communities.
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Definition 4 (Community Connection Matrix). B is a symmetric, positive-definite K x K
matriz where 0 < By, < 1. By represents the intensity of connection between nodes in

community k and community [.
With these definitions, we may define the stochastic block model (Holland et al., 1983).

Definition 5 (Stochastic Block Model (SBM)). Given a community membership matriz
Z and a community connection matriz B, a graph follows a stochastic block model with

parameters (Z,B) if P = ZBZ".

When detecting communities in this model, one of the primary assumptions is that the
graph is connected. If not, we may consider each connected component to be a cluster of
communities, and detect the communities on each component separately. The connectedness
requirement in the previous section suggests that as long as the expected node degree is
w(logn), then the graph is almost surely connected. This result holds more generally when
the expected node degree in an Erdds-Rényi graph is replaced with the average expected
node degree in an SBM (Abbe, 2018).

As a random dot product graph, the latent positions are K-dimensional, and each node
lies on one of K distinct positions, corresponding to its community. A geometric depiction

of the latent positions of an SBM is given in Figure 2.1b.

2.1.3 The Degree-Corrected Stochastic Block Model

In an SBM, it is assumed that all nodes within a community behave in exactly the same
way. However, in real-world networks, there is heterogeneity present within the communities.
The DCSBM was introduced as a generalization of the SBM account for this heterogeneity
(Karrer and Newman, 2011). We may define a degree-correction matrix that describes the

propensity for a given node to form any connection.

Definition 6 (Degree Correction Matrix). © is a strictly positive n x n diagonal matriz,

where ©,; = 0; > 0. 0; represents the degree parameter for node i.

We now define the Degree-Corrected Stochastic Block Model (DCSBM).
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| VP ¢
T L

0
(a) Erdos-Rényi Model (b) Two-community SBM (¢) Two-community DCSBM

Figure 2.1: A representation of the latent positions of specialized RDPGs

Definition 7 (Degree-Corrected Stochastic Block Model (DCSBM)). Given a community
membership matriz Z, a community connection matrix B and a degree correction matriz

©, a graph follows a degree-corrected stochastic block model with parameters (Z,0,B) if
P=0ZBZ'0.

Note that setting © = I, in the model recovers the SBM. As a random dot product graph,
the latent positions are K-dimesional, and the nodes lie on one of K distinct rays, with each
direction corresponding to one community. A geometric depiction of the latent positions of

a DCSBM is given in Figure 2.1c.

2.2 Identifiability of Block Models

With the models defined, we turn to the question of identifiability in SBMs and DCS-
BMs. In most literature on community detection, it is generally understood that a model
is identifiable only up to a permutation of the labels. That is, two SBMs (Z, B) and (Z, B)
define the same model if there exists a K x K permutation matrix II such that Z = ZII and
B =I1"BIL 1t is also generally understood that the diagonal entries of an adjacency matrix
can be ignored. Typically, this is done by asserting the graph either has no self loops, in
which case the diagonal is set to zero (Tang and Priebe, 2018), or by setting the diagonal to
another constant (Lei and Rinaldo, 2015). Most literature focuses on the asymptotic proper-
ties of norms, in which the diagonal part of the matrix becomes asymptotically insignificant
as n — co. However, even in simple cases, ignoring the diagonal can introduce identifiability

issues beyond a permutation of the labels.
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Formally, it is usually assumed that two SBMs parameterized by (Z, B) and (Z, B) are
equivalent if and only if the expected adjacency matrices are the same, i.e., if ZBZ" =
ZBZT. However, setting the diagonals to a constant introduces a weaker condition. Letting
P denote the natural projection from n x n matrices to n X n matrices with zero diagonals,

two SBMs parameterized by (Z, B) and (Z, B) are equivalent if and only if
P(2BZ) =P (ZBZ7). (2.1)

It is generally understood, but rarely explicitly stated, that this minor modification intro-
duces an additional identifiability issue that arises if the smallest community has size 1. This

may be seen by the example below.

Example 1. Consider the SBMs parameterized by

10 r §
s 5 10
— 0 1 s - )
10 0 1
0 1 - -
1 0 r 7
- - 1 12 0
Z: 0 1 3 B:_
1010 1
0 1 - -
Then two matrices
0.1 0 O 02 0 0
ZBZ" =10 01 01| and ZBZ" =] 0 0.1 0.1
0 0.1 0.1 0 0.1 0.1

share the same off-diagonal components, but B # B.

In this simple example, even if the population adjacency matrix is known, it is not possible
to determine the community structure of the nodes. However, we introduce a mild condition
for SBMs on the size of the smallest community that resolves this issue. Let 1,, be the vector

in R™ consisting of all ones.
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Condition 1. For an SBM parameterized by (Z, B), assume that each community has at

least two members. That is, Z'1, > 2 - 1k, where the inequality holds entry-wise.

Theorem 1. Assume that two SBMs parameterized by (Z, B) and (Z, B) satisfy Condition
1. These parameters define the same model, i.e., (2.1) holds, if and only if Z = ZII and
B =T1I"BII, where Il is a K x K permutation matriz.

Proof. The “only if” part is trivial, because
ZBZ" =zun'BUn'Z" = ZBZ'.

For the “if” part, choose ¢ such that z; = 1. For each k € {1,..., K}, it is possible to choose
a j such that z; = k. Then

B.. =e¢] ZBZ e;=¢] ZBZ e; = B ;,

and the first row of B is equal to the Z-th row of B. This can be repeated for each row of B,
which implies that up to a permutation of the rows and columns, B = B. In other words,

Z = ZI1 and B = I1" BIL. O

In the DCSBM, the degree-correction matrix © introduces additional sources of non-
identifiability. First, ® and B are only identifiable up to a scalar. Let D be a positive
K x K diagonal matrix. Then (Z, 0, B) and (©diag (ZD'1x), Z, D' B) produce the same
expected adjacency matrix. Intuitively, we may multiply the degree-correction parameters
in each community by ¢, then divide the corresponding row in B by ¢ to produce the same
model. To address this point, it can be assumed that the degree-correction parameters are
normalized to the largest entry within each community (Lei and Rinaldo, 2015). Let 1)} be

the n x 1 vector

Ve =

0 otherwise
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In other words, v is the k-th column of ©Z. We will assume without loss of generality that

diag< 2 L ) (2.2)

max,, ~ max,,

O has the form

It is typically assumed that two DCSBMSs parameterized by (Z,©, B) and (Z,0, B) are
equivalent if and only if there exists a K x K permutation matrix and a K x K positive
diagonal matrix D such that Z = ZII, B = II' DBDII, and © = Odiag (ZD'1x). We
introduce an analogue of Equation (2.1) for DCSBMs. Two DCSBMs parameterized by
(2,0, B) and (Z,0, B) are equivalent if and only if

P(02B7'6) =P (62B20"). (2.3)

Again, the weaker condition introduced by Equation (2.3) introduces additional sources

of non-identifiability.

Example 2. Consider the DCSBMs parameterized by

2 00 10 - .
1 (2 1
©O=10 2 0, Z=10 1], B=— ;
00 2 01 - -
00 0 - .
- - - 1 12 1
@: , Z: 0 , B:—
0 0 4 01 - -
Then two matrices
0.2 0.1 0.1 0.05 0.1 0.1
©ZBZ'®@ = |01 02 02| and©®ZBZ'O= |01 02 0.2
0.1 0.2 0.2 0.1 0.2 0.8

share the same off-diagonal components.
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Example 3. Consider the DCSBMs parameterized by

1000 10
0100 10 111 0

© = , 7 = ) B=— :
0010 0 1 10 19 4
000 1 0 1
1000 10

N 0100 . 110 110

0= : 7 = : B=_—
0010 0 1 1019 2
000 2 0 1

Then the two matrices

01 01 0 0 01 01 0 0

. 01 01 0 0 N 01 01 0 0

©ZBZTO = and OZBZ7TO =

0 0 04 04 0 0 02 04
0 0 04 04 0 0 04 08

share the same off-diagonal components.

These examples demonstrate that Condition 1 is no longer sufficient to guarantee iden-
tifiability of the model. Introducing a slightly stronger version of Condition 1 resolves this

issue.

Condition 2. For an SBM parameterized by (Z, B), assume that each community has at

least three members. That is, Z'1,, > 3 - 1, where the inequality holds entry-wise.

Theorem 2. Assume that two DCSBMs parameterized by (Z,0,B) and (Z,0, B) satisfy
Condition 2. These parameters define the same model, i.e., Equation (2.3) holds, if and only
ZfZ = ZI, B=11"DBDII, and © = Odiag(ZD 1) where 11 is a K x K permutation
matrix and D is a K x K positive diagonal matriz.

A proof is given in Appendix A.1, and uses the assumption that the community connection

matrix B is positive-definite. This requirement cannot be relaxed, as shown by the example

below.



Example 4. Consider the DCSBMs parameterized by

10
10

7 = ,
01
0 1
10

- 0 1

7 = ,
10
01

Then two matrices

04 04

- 04 04

O/Z/BZ'6 =

0.2 0.2
0.2 0.2

share the same off-diagonal components, but the community structures are not the same.

o}

o O O N

0.2
0.2
0.4
0.4

o o o =

0.2
0.4
0.4

0.4

00 0
10 0
01 0|
00 1]
00 0
Lool g
01 0
00 i
and ©ZBZ'6 =

0.4
0.4
0.2

0.2

0.4
0.4
0.2
0.2

0.2
0.2
0.4
0.4

0.2
0.4
0.4

0.4
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The previous example can easily be extended to two communities with an arbitrary number

of members in each community, so a condition on the minimal size of the community will

not remedy this situation. We summarize the results of this section in the below condition.

Condition 3. For a DCSBM parameterized by (Z,0, B) assume that:

e Fach community has at least three members.

inequality holds entry-wise.

e The degree-correction parameters have the form described in Equation (2.2).

e The matrix B is positive-definite.

That is, Z'1, > 3 - 1k, where the

This condition guarantees that the model (7,0, B) is identifiable up to a scalar and

permutation of the labels.
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2.3 Community Detection and Spectral Clustering

In this section, we review the community detection problem and established spectral clus-
tering methods for block models. Given an observed adjacency matrix A assumed to follow
an SBM or DCSBM, the goal of community detection is to recover Z, up to a permutation of
the labels. Since A is a noisy observation of P, which has a predictable block structure, the
intuitive algorithm is to cluster the rows of A. However, the number of nodes n, and thus
the dimension of A, is often very large, rendering this idea intractable in practice. Spectral
clustering aims to reduce the dimensionality of the problem by using the eigenvalues of A or
a related matrix rather than working with the matrix directly. This method begins with the
observation that the eigenvectors of the expected adjacency matrix P capture the underlying

community structure.

2.3.1 Spectral Clustering Under the Stochastic Block Model

Consider as a simple example an SBM parameterized by (Z, B). Let P = UAU" be the
eigendecomposition of P, where U is an n x K matrix whose columns are the unit eigenvectors
of P, and A is a K x K diagonal matrix whose diagonal entries are the eigenvalues. Since
P has K distinct rows, the equality of these two representations implies that U must also
have K distinct rows. The rows of U thus reflect the community structure, which is formally

stated in the lemma below (Lei and Rinaldo, 2015).

Lemma 1. Let (Z, B) be an SBM with K communities, and let UNU" be the eigendecompo-
sition of the expected adjacency matriv P = ZBZ". Then U = ZX for some K x K matriz
X.

Proof. For each community k, let n, = || Zeg||,, where e, is the k-th standard basis vector of
RE. Thus, ny is the number of nodes in community k. Define M = diag (\/n_l, e \/ﬁ)
Then

P=ZBZ'=ZM 'MBMM™'Z'.

Additionally,
M ZTZM™ = I,
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Let VAVT = MBM be the eigendecomposition of MBM. Define U = ZM 'V and A = A.
Then
P=ZM 'VAVTM'Z=UAU".

Since

U'U=VTM1Z"ZM 'V = I,

the spectral theorem implies that UAU T is the eigendecomposition of P. Letting X = M~V
completes the proof. n

The previous lemma suggests a simple algorithm to recover the communities. If we define
U to be the n x K matrix whose columns consist of the eigenvectors of A corresponding
to the K top eigenvalues, then U should roughly be the same as U, whose rows can be
perfectly clustered. A reasonable labeling would then be obtained by clustering the rows of
U. In practice, k-means clustering is a popular choice, though other algorithms have been

suggested (Lei and Rinaldo, 2015; Rubin-Delanchy et al., 2022).

Algorithm 1 Adjacency Spectral Clustering

Require: Observed adjacency matrix A, number of communities K

Ensure: Estimated community membership Matrix Z
1: Compute U € R™K whose columns consist of the K top eigenvectors of A.
2. Apply k-means to the rows of U.
3: return Z.

The technique of spectral clustering can be traced back to Donath and Hoffman (1973),
though the general idea of using the spectral properties of a graph to partition nodes has
been discovered independently several times. More recently, Shi and Malik (2000) and Ng
et al. (2001) popularized the technique in the machine learning community. Since then, spec-
tral clustering has been widely studied and generalized extensively. The technique is easy to
describe, readily studied from multiple perspectives, and computationally feasible. Further-
more, it performs well across a wide range of regimes. We refer the reader to Von Luxburg
(2007) and Abbe (2018) for a comprehensive overview the technique.

We pause here to present a practical example of a network that provides some visual

intuition for spectral clustering. Figure 2.2a shows a graph of 4 departments at the University
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(a) UA Department Graph (b) 4 top eigenvectors by index

Figure 2.2: A network of 4 departments from the University of Arizona. The nodes are colored
by department and edges represent a collaboration between academics. The right shows the graph
of the values of the eigenvectors by index for the top 4 eigenvectors.

of Arizona, in which nodes represent people and edges represent collaborations between
academics. (See Appendix D.2 for more information about this network.) Figure 2.2b plots
the 4 top eigenvectors of A by index, where the indices of the eigenvectors are ordered by
department. Visually, each of the eigenvectors distinguishes at least one department from
the others, providing some information on how to cluster the nodes. In spectral clustering,
these four eigenvectors are concatenated to form an n x K matrix, whose rows are viewed

as points in R*.

2.83.2  Spectral Clustering Under the Degree-Corrected Stochastic Block Model

We now consider a DCSBM parameterized by (Z, ©, B) satisfying Condition 3. The idea of
spectral clustering may be extended to this setting, but the rows of the eigendecomposition
now cluster around rays instead of points (Jin, 2015; Lei and Rinaldo, 2015). We state an
analogue of Lemma 1 for DCSBMs.

We first define several useful quantities. Recall that ¢, is the k-th column of ©Z. Define
=31 i and a K x K matrix U = diag (||[v1]], ..., |[¥x]])-
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Lemma 2. Let (Z,0,B) be a DCSBM with K communities, and let USUT be the eigen-
decomposition of the expected adjacency matric P = ©ZBZ'0O. Then U = ©ZX for some
K x K matriz X.

Proof. We first write
P=0Zv'UBUT1770.

Through direct computation, we may see that
UZTeezZv ! = Ik.
Let VAV be the eigendecomposition of WBW. Define U = ©Z¥ 'V and A = A. Then
P=0ZV"WBUVU 7T =02V 'VAVTU'ZTe =UAU",

Since

UU=vTu'2Teezv'v = Iy,

the spectral theorem implies that UAU " is the eigendecomposition of P. Letting X = U~V
completes the proof. n

The previous lemma implies that when performing spectral clustering under the DCSBM,
some form of normalization of the rows of U is required. Several normalizations are possible,
but unit normalization is an intuitive and natural choice (Qin and Rohe, 2013; Lei and
Rinaldo, 2015). Under this model, any nodes with small degree correction parameter will
have the corresponding latent position lie close to the origin. After normalization, any noise
present in the observation will be amplified, making clustering more difficult. We will refer
to any method that requires normalization as a normalized spectral clustering method, as in
Algorithm 2.

Normalized spectral clustering methods have also been well studied, and their theoretical
guarantees are competitive with those of other spectral clustering methods. However, it
has been noted that in certain cases, the proof techniques required to deal with the extra

normalization can affect the obtained asymptotic convergence rate (Lei and Rinaldo, 2015).
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Algorithm 2 Normalized Adjacency Spectral Clustering

Require: Observed adjacency matrix A, number of communities K
Ensure: Estimated community membership Matrix Z
1: Compute U € R™K | whose columns consist of the K top eigenvectors of A.
2. Compute U*, the row-normalized version of U.
3: Apply k-means to the rows of U*.
4: return Z

2.4 Adjacency Spectral Embedding

The spectral clustering methods in the previous section provide a straightforward frame-
work for community detection. These approaches use the eigenvectors of a graph’s adjacency
matrix to represent each node as a low-dimensional vector, effectively reducing the dimen-
sionality from R™ to RX. This is formalized by the notation of the RDPG (Definition 2), in
which each node is assigned a latent position. Given a symmetric, positive-definite expected
adjacency matrix P, we may write P = XX ", and the rows of X may be thought of as the
latent positions. It is natural to ask if we may decompose A in the same way, A = XXT,
and examine the statistical properties of X.

Early research on spectral methods focused on bounding the number of mis-labeled nodes
from the algorithms. However, these early results are intrinsically tied to the choice of the
clustering algorithm. Motivated by this shortcoming, Tang and Priebe (2018) studied the
distributions of the rows of X , finding that the asymptotic distribution of the rows could
be explicitly computed. In particular, they find that the rows of X are uniformly consistent
estimators of the latent positions, and that the distributions of the rows are asymptotically
normal, with means and covariances that can be explicitly calculated in terms of the model

parameters. We first define the spectral embedding.

Definition 8 (Adjacency Spectral Embedding). Let A be an n X n adjacency matriz and

let UNUT be the eigendecomposition of A. That is, if 5\1 > 5\2 > . > S\K’ are
the largest K eigenvalues of A by magnitude, and tq,Us,...,Ux are the corresponding or-
thonormal eigenvectors, then U is the n x K matriz whose columns are Uy, ..., U and

~

Ml D

A= dz’ag(

). The adjacency spectral embedding of A is X = UAY2.
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We now formalize the notion that the adjacency spectral embedding is a consistent estimate
of the latent positions. In particular, the deviations of the embedding are asymptotically
normal. To see this, consider a sequence of graphs {An}y.y. The sequence of graphs will
be generated by the following process, which will be referenced frequently throughout this

thesis.

Model 1. In this model, we consider a sequence of graphs {An} ey constructed according
to the following process. Consider a distribution F on R? such that for all x,y € Supp(F),
x'y €[0,1]. For each N € N, draw n vectors {& n, ..., &un} independently from F. Define
{pn}nen to be a sequence of sparsity factors, and let X; y = pjl\;Q@’N. Finally, let Ay follow

a random dot product graph corresponding to the latent positions X; v.

We remark that the quantity nmpy roughly scales with the expected degree, and it is
typically assumed that this scales at least logarithmically in n. In general, the asymptotic
results of this thesis assume that the number of nodes n diverges as N — oo. By taking an
appropriate subsequence of graphs and re-indexing if necessary, we may thus assume that
N = n. For ease of exposition, we will use the subscript n to denote the entry in the sequence
of graphs as well as the number of nodes.

We are now ready to formally state the results, which show the adjacency spectral em-
bedding is a consistent estimator of the latent positions, and provides an explicit formula

for the asymptotic distribution of the deviations (Tang and Priebe, 2018).

Theorem 3. Let A, be generated according to Model 1, and suppose that the sparsity fac-
tor satisfies np, = w(log®n) for a universal constant ¢ > 0. There exists a sequence of
orthogonal transformations QQ,, such that the adjacency spectral embedding satisfies

A log®n
HQ"X" A 200 0 ( nl/2 )

with high probability.

Theorem 4. Assume the setting of Theorem 3 and define the quantities

T=E['],
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E |(x, 1—(x, ifp, =1
[y 4 BB O 0= @enecT] i |

E [(z,€)¢€"] if pp — 0

S(z)="77"T, TN
For each fized index i, conditional on & = x;, the random vector

A

Vi (Qulnse = Uns)

converges in distribution to a mean-zero normal random vector with covariance matriz given

by 3(z;).

We note that Theorem 4 is quite general and classify the behavior of RDPGs even when
the latent positions have little structure. When we apply them to SBMs, the results simplify
greatly due to the observations in Section 2.1.

Consider as an example an SBM parameterized by (Z, B), where

0.5 0.45
B= . m=(0.6,0.4).
0.45 0.5

Here, the vector m = (m, m2) denotes the proportions of nodes in community k.

Given B and 7, we may use Lemma 1 to compute the latent positions £, assuming that
pn = 1. Although no simple formula exists due to the imbalanced communities, they are
numerically calculated to be roughly

1 | 1.01 —-0.801 0.476 0 0.697 —0.123
U~ — , ~n , ~
V10,987 1.24 0 0.0234 0.681  0.190
The latent positions are then the rows of X, X; &~ (0.697, —0.123) and X, ~ (0.681,0.190),

and the distribution F' is discrete probability distribution supported on those two points,

with associated probabilities p; = 0.6 and py = 0.4. The quantities from Theorem 4 may be
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explicitly calculated. In particular,

0476 0

T=06(X1X] ) +04 (XX, ) &
0 .024

AtlL':Xl,

Lp(X1) =E [{2,6) (1~ (2,€)) &)
= 0.6 [(Xy X1) (1 - X[ X1) (X2X])] + 04 [(X] X3) (1 — X X3) (X2 X)) ]
= 0.6 [(0.5)(0.5) (X2X, )] + 0.4 [(0.45) (0.55) (X2.X, )]

0.119 0.0001
0.0001  0.006
and
0.523 0.011
E(Xl)%
0.011 10.38
Similarly, we may compute
0.523 —0.011
E(XQ)%
—0.011  10.38

For a fixed n, we therefore have that rows of X are distributed approximately normally with

parameters that depend on their community. The two distributions are
Ny =N (VnX1,35(X1)),  Na=N(VnXs, 3(X2)).

In particular, as n increases, the means of the two distributions separate, while the covari-
ance matrices remain constant, demonstrating the asymptotic separation of the two clusters.
Figure 2.3 shows a plot of the rows of X for n € {1000,2000,3000}. The solid lines
represent the 95% level curves for the asymptotic distribution predicted by Theorem 4, and
the dashed lines represent the 95% level curves for the empirical distributions using the EM

algorithm via the R package ‘mclust’.
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Figure 2.3: The rows of UAY2 for a two-community SBM using the Adjacency Spectral Embed-
ding. The colors correspond to the community of the node. The solid lines represent the theoretical
95% level curves predicted by Theorem 4 and the dashed lines represent the empirical 95% level
curves computed using the EM algorithm.

2.5 Laplacian Spectral Embedding

In this section, we define the symmetric Laplacian and describe analogous consistency

results for the resulting embeddings. We begin with a definition. Let
t; = sz'j
j=1

denote the expected degree of node i and define an nxn diagonal matrix T' = diag (t1, ..., t,).

The population symmetric Laplacian is defined to be
Loy = T7Y2PT71/2,

Note that Ly, is well-defined in general, as we assume the graph is connected. We may
define an analogous observed Laplacian matrix as Ly, = D™/2AD~/2. We note that this
definition of the symmetric Laplacian slightly differs from the definition sometimes bound in
found in graph theory literature, where it is defined to be I — Ly, (Von Luxburg, 2007). In
the context of community detection, we are generally concerned about the spectral properties

of the matrices, for which these two definitions are equivalent. We may also decompose the
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symmetric Laplacian as

Lgm =T '2XXTT7V2 = XX,

and the rows of X may be viewed as the original latent positions of the nodes after scaling
by T-1/2.
The following lemma states that if P has the structure of a DCSBM, then Ly, shares a

similar structure. We prove this lemma in more generality in Section 3.1.

Lemma 3. Under a DCSBM parameterized by (Z,0, B), define a K x K diagonal matriz
T = diag(ty,...,1;) and o K x K matriz B by

B= el b, B=T2BTR,
keK
Then
Lsym = @1/2ZBZT@1/2'

Lemma 2 then implies that the eigenvectors of Lgy,, encode the community structure in the
same way the adjacency matrix does, i.e., the rows of U point in K directions corresponding
to the K communities. Motivated by this observation, we define an analogous spectral

embedding for Lgy,.

Definition 9 (Symmetric Laplacian Spectral Embedding). Let L ;ym be the symmetric Lapla-
A Ao

A A A

cian matriz and let USUT be the eigendecomposition of L. That is, if
Ak

> >

cee > are the largest K eigenvalues of Ly, by magnitude, and U1, Us, ..., Uy are the

corresponding orthonormal eigenvectors, then U is the n x K matrix whose columns are

M|y e

PRI

Ui,...,u and S = diag( ) The symmetric Laplacian spectral embedding of

Lo is X = 0§12,

The next theorems are analogues of Theorems 3 and 4 for the symmetric Laplacian (Tang
and Priebe, 2018). The proofs of the theorems require that the expected degrees of the graph

grow like np,,, which requires an additional condition.

Condition 4. Let A, be generated according to Model 1, and define p = E(§). For all

x € Supp(F'), assume that (x,p) is bounded away from 0.
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The following lemma shows that this condition is sufficient for this to occur (Modell and

Rubin-Delanchy, 2021).

Lemma 4. Let A, be generated according to Model 1, and assume that (x,p) is bounded

away from 0 for all x € Supp(F'). Then for each i € {1,...,n} and sufficiently large n,
Lim X Npy

with high probability.

Theorem 5. Let A,, be generated according to Model 1 satisfying Condition 4. Additionally,
suppose that the sparsity factor satisfies np, = w(log4c n) for a universal constant ¢ > 0.

There exists a sequence of orthogonal transformations Q,, such that the symmetric Laplacian

log“n
o = (—1/2)
,O0 'n/pn

Theorem 6. Assume the setting of Theorem 5 and define the quantities

n=Ell TZE&?L]

spectral embedding satisfies

@~ (1,72x3)

with high probability.

- - T
Tz Tz .
E |06 (- 6D (& - o5) (5 - ) | #om =1
13 Yz 13 Yz T .
K {@’” ) ((E,m - 2<w>> (<s,u> - 2<z,u>) } if pn =0

S(z) = %

FP(I) =

For each fized index i, conditional on & = x;, the random vector

np}zﬂ <Qan,z* - Trjl/QXn,i*)
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converges in distribution to a mean-zero normal random vector with covariance matriz given

by ().

As a final remark, we note that the results in this section were framed in terms of the
latent positions defined by the random dot product graph, which are equal to UAY/2. This
contrasts with Algorithm 1, in which utilizes the matrix U for clustering. We may consider
an alternative spectral clustering that utilizes the rows of UAY2, which may be seen as
weighting the j-th column of U by the square root of the corresponding eigenvalue. We

consider the effect of scaling the matrix in this way in Section 4.2.
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Chapter 3

Spectral Clustering with the Generalized Laplacian

We have so far focused on the statistical properties of the adjacency and symmetric Lapla-
cian matrices and their respective spectral clustering algorithms. The symmetric Laplacian
in particular enjoys a connection to stochastic processes, as it may be viewed as a sym-
metrization of the row-stochastic matrix D™'A (Chung, 1997). Furthermore, the induced
spectral clustering algorithm has an intuitive interpretation as an approximation to an op-
timization problem over all possible partitions of the nodes (Von Luxburg, 2007; Hagen and
Kahng, 1992; Shi and Malik, 2000). Although this interpretation is appealing, it is natural
to ask if alternative normalizations could lead to improvements in the resulting clustering
algorithms. To this end, in this chapter, we introduce the idea of the degree-a Laplacian
and a corresponding spectral clustering. Recall that under a DCSBM, the latent positions
of the nodes lie on K rays instead of K points, which necessitates normalization in the in-
duced spectral clustering algorithm. We focus on the case when a = 1, which we name the
degree-corrected Laplacian, that “collapses” the rays. The latent positions again fall onto
K distinct points, bypassing the need for normalization.

First, we introduce the degree-a Laplacian and analyze the structure of the population
matrix. We then show that the spectral clustering algorithm arising from this matrix is
consistent and derive a bound on the error based on the model parameters. Finally, we prove
an analogue to Theorem 3, showing that the spectral embedding that arises from this matrix
is a uniformly consistent estimator of the latent positions; and Theorem 4, showing that the
errors are asymptotically normal, giving explicit formulas for the means and covariances.

Throughout this chapter, we will work with the DCSBM, parameterized by (Z,0, B)
(Section 2.1.3). Recall that © = diag (6;, . ..,0,), a diagonal matrix consisting of the degree-
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correction parameters of the nodes. Z is an n X K community membership matrix such
that z;; = 1 if and only if node i belongs to community k. B is a K x K positive-definite
community connection matrix that describes how the communities relate. Then the expected
adjacency matrix P = ©ZBZ 0. Finally, the diagonal matrix T = diag (ti,...,t,) is the

expected degree matrix, where t; = Z?Zl Dij-

3.1 Population Analysis of the Degree-a Laplacian

We begin with the definition of the degree-a Laplacian. Given an expected adjacency

matrix P, we define the degree-av Laplacian to be
L,=T°PT¢

for a € [0, 1]. Several particular values of o are worth highlighting. When a = 0, L, is the
expected adjacency matrix; when o« = 1/2, L, is the standard symmetric Laplacian; when
a =1, L, exhibits special behavior under the DCSBM. We will refer to this last matrix as
the degree-corrected Laplacian, Lpc, which we will study more closely. The corresponding
observed degree-ov Laplacian is given by L, = D~ *AD~.

We now study the theoretical properties of L., showing that it exhibits block structure
similar to adjacency matrices of DCSBMs. This was stated in Lemma 3 for the symmetric
Laplacian, and we now prove it for the degree-a Laplacian. We first recall that 1 is the
n x 1 vector whose entries are the k-th column of ©Z. Then |[¢4]|; is the sum of the

degree-correction parameters in group k.

Lemma 5. Under a DCSBM parameterized by (Z,0, B), define a K x K diagonal matriz
T = diag(ty, ..., 1x) and a K x K matriz B by

o= Il b, Ba=T BT
keK

Then
L,=0"ZB,z"e'«
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Proof. The proof of the lemma will follow from two steps. First, we show that T7°0 =
O~ diag (ZT 1 K), where 1k is the K x 1 vector consisting of all ones. Second, we show

that diag (ZT‘“lK) Z = ZT~*. Then

L,=T"0ZBZ 0T
— O diag (ZT—%K) ZBZT diag <ZT~‘°‘1K> pl-a
_ @1—&ZT—O¢BT—QZT@1—D¢’
which proves the lemma.

For both claims, we show equality of the entries directly. We first rewrite the entries of

D™% as

n K K K
di =Y 000y =0, > by =0, bozy > 0, =0 boey 0]y
j=1 k=1 jek k=1 jek k=1
Then
K —a K —a i
(D_a@)i =0; (Qi szizk ||¢k:||1> = 01_1—04 (Z bz, ||¢k||1> = Qil_ati_a'
k=1 k=1

It is easy to check that (diag (ZT_O‘lK)) = 7%, so

7

Ol *diag (ZT *1x)) =0«
(617 ding (27771 )) = 0177

and D=0 = '~ diag (ZT*%K).

For the second claim,

(diag (ZT‘“1K> Z) = {9Z,, = 2T

ik
[l

The previous lemma suggests that, given a DCSBM parameterized by (7,0, B), L, is
related to the DCSBM parameterized by (Z,©'~ B). This simple relationship has been
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noted before in the case of the symmetric Laplacian (Qin and Rohe, 2013), but we emphasize
that the degree-av Laplacian is explicitly related to this alternative DCSBM. Additionally,
the generalization to the degree-av makes the significance of the degree-corrected Laplacian
clear. By Lemma 2, the rows of the K top eigenvectors of L, enjoy the same properties
as eigenvectors a general DCSBM, i.e., the rows of U, point in the same direction based
on the node’s community. Applying this to the degree corrected Laplacian, the ©1~% term
becomes the identity matrix, implying that it has a block structure identical to that of an
SBM. Thus normalized spectral clustering can be applied to a general L,, while standard
spectral clustering is appropriate for the degree-corrected Laplacian.

We may also describe the eigenvectors of L, explicitly. Using the notation from Section
2.3.2,

Lo =U,UBUU],

where the columns of U, are n x 1 unit vectors. We may then describe U, in terms of the

model parameters and the eigenvectors of ¥ BW.

Lemma 6. Under a DCSBM parameterized by (Z,0, B), suppose all eigenvalues of UBU
are simple. Let Ay > Ay > -+~ > g be the largest K eigenvalues of VBU and vy, ... vk be
the corresponding unit eigenvectors. Then the K nonzero eigenvalues of L, are Ai, ..., Ak

and their associated unit eigenvectors are
i
1
Uk = (—> Vk,i-
[

LaU’Ui = U\I/B\IJ’UZ = U)\ﬂ]l = )\ZUvUZ

Proof. Note that

so Uwv; is an eigenvector of L, corresponding to A;. Additionally,

<UUZ', UU2> = <Ui7 UTUUi> = <U7;,’Ui> =1.
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3.2 Consistency of Spectral Clustering

In this section, we describe a spectral clustering algorithm for the degree-a Laplacian,
and bound its overall error rate in terms of the parameters of the DCSBM. In doing so, we
provide specific criteria for the overall error rate to go to 0 as n diverges. The algorithm is

outlined in Algorithm 3.

Algorithm 3 Degree-a Laplacian Spectral Clustering

Require: Degree o Laplacian, ﬁa, number of communities K
Ensure: Estimated community membership matrix Z
1: Compute U, € R™¥ whose columns consist of the K top eigenvectors of L.
2: Compute A, € R™*" a diagonal matrix whose diagonal entries consist of the K top
eigenvalues of L.

3: Compute X = Ua/A\i/Q

4. if a # 1 then

5: Compute X*, the row-normalized version of U,.
6: else

7 Set XZ; = Xa.

8: end if

9: Apply k-means to the rows of U;:

10: return 7

A basic requirement of any algorithm is that the number of errors remains reasonably
bounded. In community detection, our aim is to recover the true community membership
matrix Z given an adjacency matrix A and number of communities K. There are several
ways to define “consistency” in the context of community detection. Here, we specify our
definition, noting that it corresponds to the “almost exact recovery” described in Abbe
(2018).

Recall that we use the notation z; = k to denote the community of a node 7. Any n x K
community matrix Z then naturally induces an n x 1 vector of communities [ by defining
l; = z;. We may then consider the total number of errors to be the number of indices where
l; # ;. Since community labels are arbitrary up to a permutation, we evaluate the error
over all possible permutations of the labels and take the minimum. Formally, we define the

misclassification rate
n

1(2.2) = L S1 e (),
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where Sk is the set of all K x K permutation matrices. We say an algorithm is consistent
under certain conditions if L(Z, Z) — 0 in probability as n — oo. In other words, the
proportion of errors should go to 0 as the number of nodes diverges.

We remark that in the Algorithm 3, we cluster the rows of the eigenvectors scaled by
the square root of the corresponding eigenvalues, Uaf&,ll/ ®. This is to explicitly connect the
spectral clustering algorithm to the consistency results of the spectral embedding, which sets
the latent positions as X = UA'/2. In practice, the consistency of the algorithm is insensitive

to the choice of 8 when scaling by A? (Section 4.2.2).

3.2.1 Sparsity Condition

We now define five quantities that describe the extremal values of the model, which will

be useful in the upcoming sections. Defining ej, to be the k-th standard basis vector in R¥,
0 =mint;; A =maxt; Opm=minb; Npax :mI?XHZekHl; Nomin :nrlkinHZekH1
(2 (2 (2

We may understand ¢ to be the smallest expected degree of a node and A to be the largest
expected degree. Recall that 0., is set to 1 when Condition 3 is satisfied. Then 6, is the
smallest degree-correction parameter. Finally, n,,., is the size of the largest community and
Nmin 18 the size of the smallest community.

In this subsection, we describe a condition that controls the sparsity and degree hetero-
geneity of the model. Recall that several assumptions are required for the identifiability of
the DCSBM, Condition 3, which we impose on the models in this section. In particular,
we assume that the degree-correction parameters within each community are normalized, so
Omax = 1. For convenience, we define B = p, By, where the maximum entry of By is 1. With

these preliminaries in place, we make an assumption on the network sparsity.
Condition 5. For a DCSBM parameterized by (Z,0, B), assume that A > logn.

This assumption requires that the maximum expected degree of the graph to grow at least
logarithmically. This may be compared to the assumptions for the results on spectral em-

beddings, where it was assumed that the expected degrees grow at least polylogarithmically
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to get tighter bounds on the Laplacian concentration inequalities. We study Condition 5 in
more detail below.

Observe that

ti=> 0., <> 0ipn =0l pn
j=1 J=1

and ||0||, pn > A. Thus, the condition immediately implies ||0]|, p, > logn. On the other
hand, it is easy to see that n > ||f||, > K. Thus, the condition requires that the sum
of the degree-correction parameters does not shrink too quickly relative to p,. If we make
additional assumptions on the regularity of the parameters, we may frame the bound in

terms of §. Define Sy = >

. _j i, the sum of the degree-correction parameters in community
=

k, and let Sp.x = maxy S, and Sy, = ming Sg. Suppose that 0, > ¢1, Smin = €2Smax, and

min; y i bo,i; > c3 for absolute constants c;,co and c3. Then for all 1,

crcacs |01, pn

n K K
ti = Z 91'6ijin~ 2 eminpn Z SkbO,zik Z Clsminpn Z bO,zik 2 Clc2CSSmaxpn 2 K
7=1

k=1 k=1

If K is assumed to be O(1), Condition 5 then implies that § grows at least logarithmically.

3.2.2  Main Results on Consistency

The proof of the consistency of Algorithm 3 follows from two lemmas. Lemma 7 shows
that L, is close to L,. Lemma 8 shows that X > is close to X. Finally, Theorem 7 shows

that Z is close to Z.

Lemma 7. Under a DCSBM parameterized by (Z,0, B) satisfying Conditions 3 and 5, the
following bound holds with high probability.

0 (A 101 putogn , AVIBL palogn /6T, pulogn 1ogn> |

HLa_ZA—Joz

52+2a 51+2a 52a

For convenience, we set the right-hand side of the previous lemma to 7,.
By Lemmas 2 and 5, the rows of U} may be perfectly clustered. The matrix X} = UZA}
is a rescaling of this matrix, so its rows may also be perfectly clustered. The following

lemma bounds the distance between X and X ~, which shows that the rows of X > are close
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to perfectly capturing the community information. We have so far used \; to denote the
i-th eigenvalue of a matrix when the matrix is clear from context. In the following lemma
and for the rest of this thesis, we use an additional subscript to denote to the matrix when
the context is not clear, e.g., \; p will denote the i-th eigenvalue of the expected adjacency
matrix.

For notational convenience, we define

Aifa<1/2
A, =

§ifa>1/2

Lemma 8. Under a DCSBM parameterized by (Z,0, B) satisfying Conditions 3 and 5, the
following bound holds with high probability.

\% K \/_ A3ana\/ Nmaz
P 0 asip T 2V2K a—1/213/2 pl—a |
Vala AL N0

«

|2 - x:

min

We remark that, in general 6,,;, < 1. Thus, increasing « reduces the effect of this term on
the asymptotic convergence of the left-hand term. Again, for the degree-corrected Laplacian,
when a = 1, the term reduces to 1.

The following theorem bounds the error rate of Algorithm 3 under mild conditions, and

shows the rate in terms of explicit constants related to the model.

Theorem 7. Under a DCSBM parameterized by (Z,0, B) satisfying Conditions 3 and 5,
the following bounds hold with high probability.

If o <1/2,
. A K2A6a+3/2 s [ nl
L(2.7) =02 /10l pnlogn
o0« )\K,Pemin n
If a >1/2,

R Y K2A8a+1/2 T /116 nl
L (Z’ Z) =0 == 80173/2”4 Jzolllp =R
0 )\K,Pemin n
In the next section, we introduce more general statements of Lemmas 7 and 8 and Theorem
7. The corresponding proofs are given in Appendix C, and the proofs of the lemmas and

theorems in this section may be viewed as special cases of these more general results.
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To better understand the result of Theorem 7, consider a DCSBM parameterized by
(Z,0, ppBy), in which By and K are fixed. Suppose the community sizes and degree hetero-

geneity parameters are balanced in the sense that

max _ O(1) and O _ = 0(1).

Nmin emin emin

This implies that A/§ = O(1), § > (np,), and Assumption 5 becomes np, > log(n).
Additionally, since Ax p > NminfrAk,B, a0d A1 p < NpaxPnA1 B, -

If & > 1/2, the bound in Theorem 7 becomes

I ( ; ) _0 ((nmaxpnA1,30)KQ(npn)%maX\/m) _0 ( 10gn> . (3.1)

AV
(nminpn)\K,Bo)4n nPn

Thus, Algorithm 3 is consistent. A similar argument gives the same result when a < 1/2.
This is in line with analogous results for the adjacency spectral clustering (Lei and Rinaldo,

2015) and symmetric Laplacian spectral clustering (Qin and Rohe, 2013).

3.3 Degree-a Laplacian Spectral Embedding

The results of the previous section bound the error of Algorithm 3 in terms of the model
parameters, using proof techniques that rely on specific properties of the k-means solution. In
this section, we extend the results from Sections 2.4 and 2.5 to the degree-a Laplacian. This
will allow us to draw conclusions about the spectral properties of the resulting embeddings
independently of a specific clustering algorithm. In particular, we show that the degree-«
Laplacian spectral embedding is a uniformly consistent estimator of the latent positions, and

that the deviations of the eigenvectors is asymptotically normal.

Definition 10 (Degree-a Laplacian Spectral Embedding). Let A be an n x n adjacency

matriz and let Ua/A\aUaT be the eigendecomposition of I:a. That is, if ;\Od > j\ag > >
S\Q,K‘ are the K largest eigenvalues of f/a by magnitude, and Uq 1,Uq2,...,Uqx are the

corresponding orthonormal eigenvectors, then U, is the n X K matriz whose columns are

~

/\04,1

~

)\a’KD' The spectral embedding of Ly is X, =

PRI

Uy Ua g and Ny = diag(

U A
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Theorem 8. Let A, be generated according to Model 1 satisfying Condition 4. Additionally,
suppose that the sparsity factor satisfies np, = w(log4C n) for a universal constant ¢ > 0.

There exists a sequence of orthogonal transformations Q, such that the degree o Laplacian
log©
_of toen
2,00 na+1/2p%

The below theorem is a central limit theorem for the eigenvectors of the degree o Laplacian.

embedding satisfies
HQn n,ix aan*

with high probability.

We note that in the case that o = 1, the degree-corrected Laplacian, the vectors lie in a
d — 1-dimensional subspace of R? with probability 1. In this case, the covariance matrices

have rank d — 1.

Theorem 9. Assume the setting of Theorem § and define the quantities

v sl

Lpa (z) =

- - T
oYz I3 aYz : _
E [(%f)(l — (z,8)) ( Em G ,m) ((&u) - <w>) } if pn =1
- - T
£ oYz £ oYz .

{@’Q (<5,u> <x,u>> (<§,u> <w>> } if pn =0
T-'r,, 1!

(2, )

For each fized index i, conditional on & = x;, the random vector

Yalx) =

a+1/2 n (Qn n,okx aXn z*)

converges in distribution to a mean-zero normal random vector with covariance matriz given

by 3o (z;).

A high-level overview of the techniques used in the proofs of Theorems 8 and 9 is provided
in Section 3.4, and formal proofs are given in Appendix B.
We may apply Theorem 9 to DCSBMs to get explicit formulas for the means and covari-

ances of the asymptotic distributions. Consider the following sequence of random graphs,
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each of which follows a DCSBM. Suppose the community membership for each node 7 is
drawn at random with probability mq,..., 7. The degree-correction parameter 6; is drawn
at random from a probability distribution f, which has support on (0, 1]. Let B, = p, By be
the community connection matrix for a fixed symmetric, positive definite matrix By = X X T.

Define x4, ...z to be the rows of X.

Corollary 1. Let A,, be generated according to Model 1 satisfying Condition 4. Additionally,
suppose that the sparsity factor satisfies np, = w(log*n) for a universal constant ¢ > 0.

Define the quantities

K
~ T Tm Ly,
d=E[0]> 7B T=E[0])_ y
m=1 k=1 m

- - T
E [GBM (1— \9By) (d— - %) (— . %) ] if pn =1
- - T
o (2 52 (2 - 32)

S mY T, ok, A )T !
Za(k’ )\) = = )\2a—pld2a
k

Lpalk, N1 =

R

where all expectations are taken with respect to 0 ~ f.
For a fized index i, conditional on z, = z and 0;, = N;, there exists a sequence of

orthogonal transformations @Q,, such that the random vector

NiT;

1/2 n “
pn/ (>\Z Zj:l gj,nbzi,n,zj,n)

a+l/2 « %
n / pn QnXa,i* -

converges in distribution to a mean-zero normal random vector with covariance matrices

given by Yo (2, Ai).

Note that when o = 1, corresponding to the degree-corrected Laplacian, the means of
the distributions depend only on the communities and not on A. Furthermore, if p, — 0, A

affects the scale of the covariance matrices, but not the shape.
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(a) n = 1000 (b) n = 2000 (c) n = 3000

Figure 3.1: The rows of UAY2 for a three-community DCSBM using the Degree-Corrected Lapla-
cian Spectral Embedding in the setting p, = 1. The colors correspond to the community of the
node. For each community, 95% level curves corresponding to degree-correction parameter 0.4, 0.7,
and 1 are drawn. See Section 3.3 for more information.

Consider as an example a DCSBM parameterized by (Z, ©, B), where

0.48 0.28 0.28
B =028 040 0.28 0 ~ Unif(0.4,1) 7= (0.5,0.3,0.2).

0.28 0.28 0.40

In Figure 3.1, we show the projection of the degree-corrected Laplacian spectral embedding
(v = 1) for a three-community DCSBM. In this case, Theorem 9 predicts that the means
and covariances will lie in a 2-dimensional subspace of R?, though this subspace is unique
only up to an orthogonal matrix (). Figure 3.1 shows an example of the distribution of the

rows of Ua/ﬁ/? after projection to one choice of this subspace for n € {1000, 2000, 3000}.

3.4 Proof Sketch

In this section, we provide a high-level overview of the primary techniques used in the
proofs of Theorems 8 and 9. We again consider the simplified DCSBM introduced at the

end of Section 3.2 for intuition. The assumptions are reproduced here for convenience. The
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community sizes and degree heterogeneity parameters are balanced, in the sense that

Muax _ 1) and o — L _ o),

Nmin min emin

In this case, the smallest and largest expected degrees are roughly balanced in the sense
that A/0 = O(1), and we may define a “typical” expected node degree d.

There are three main ideas used to prove the results from Sections 2.4 and 2.5. First, that
ﬁsym is strongly concentrated around Lgyy,. Second, the Davis-Kahan theorem implies that
the eigendecompositions are roughly the same — that is, Usym is close to Usyn. Finally, a
linearization of D~/2 is used to simplify the matrix D~/ QisymD_l/ 2,

We may use a Taylor series approximation to linearize the matrix D7. By letting ~ vary
between —1/2 and 1/2 and using the fact that Lo = Dl/zfallsyle/Z*O‘, this allows us to
generalize the results of Tang and Priebe (2018) to the degree o Laplacian.

We begin with the Laplacian concentration. Assuming d scales polylogarithmically, a

result of Lu and Peng (2013) states that the symmetric Laplacian satisfies

]:op< é)-

Compare this to the results of Lemma 7. In the current mild setting, the result states that
Lsym - Lsym

e ] =00 (/57

In the setting of Lemma 7, d is only assumed to grow logarithmically, but the concentration

HLsym - Lsym

is weaker by a factor of y/log(n). The stronger concentration is required to ensure the noise
remains well-controlled.

The second result utilizes the Davis-Kahan sin @ theorem. A convenient form is provided

in Lei and Rinaldo (2015).

Lemma 9. Let S be a rank K n x n symmetric matrixz with smallest eigenvalue \i and let
S be any symmetric matriz. Define U, U € R™E to be the matrices whose columns are the

K top eigenvectors of S and S, respectively. Then there exists a K x K orthogonal matriz
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Matrix o Hi’a — LaH A | D-K Bound
Adjacency 0 d'/? d d=1/?
Laplacian 1/2 d=1/2 1 d=1/2

Degree-a Laplacian a di2=2e | g d=1/?
Degree-Corrected Laplacian | 1 d=3/? d-! d=1/?

Figure 3.2: A brief summary of the orders of the Davis-Kahan theorem for various Laplacian
matrices. The order of the bound is independent of «.

Q) such that
2V2K
Ak

o -vell, < =155

Consider the below quantity for the expected and observed adjacency matrices,

|4 P
Ak
The order of the numerator is well known and is v/d (Lei and Rinaldo, 2015). On the
other hand, Ax scales roughly like n and is thus on the order of d. Therefore, the quantity
above is on the order of d~1/2,
Intuitively, when we consider the symmetric Laplacian, we are “dividing” the numerator

by d, and the Laplacian concentration is on the order of d~1/2

, as shown in the first row of
Table 3.2. On the other hand, via an application of the Courant-Fisher min-max theorem,
the smallest eigenvalue of Ly, is also scaled by d, and the order of the ratio remains roughly
the same. This idea holds true for any a we choose, and the eigenspaces converge at the
same rate regardless of the o chosen. This behavior is summarized in Table 3.2.

The final technique is to use a Taylor series approximation of D™ to linearize the matrix

L. This result follows from a straightforward application of the mean value theorem, which

states that for any (3, there exists a & between t; and d; such that
1
df = 1] + {7 (d; — 1) + 588 + DETHdi — 1),

When d; concentrates around ¢;, we may ignore the quadratic term, and the above expres-

sion allows us to replace the matrix D with the matrix T plus a linear term.
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Chapter 4

Spectral Clustering with the Generalized Laplacian

4.1 Regularization

The spectral clustering algorithms outlined in the previous sections work well in theory and
show satisfactory performance across a wide range of conditions. However, there are several
modifications that have been shown to empirically improve performance, particularly when
the graph contains nodes of very low degree (Amini et al., 2013; Jin, 2015). Recall that for
an observed adjacency matrix A, the degree-a Laplacian is given by L, = D™*AD™“, where
D is the diagonal matrix consisting of the observed degrees. Intuitively, when degrees are
small, we are “dividing” by a small number, which increases the variance of L. A standard
ridge regularizer may be implemented to mitigate this effect (Chaudhuri et al., 2012). For
7 > 0, define the regularized degree matrix as T, = T+ 71. The regularized graph Laplacian
is then given by

L, =T '?pT-12

This matrix naturally induces a spectral clustering, identical to Algorithm 3, using the
regularized Laplacian instead of the standard Laplacian. Qin and Rohe (2013) show that
under the DCSBM, this algorithm is consistent and bound the error rate in terms of the
model parameters. The result of regularized spectral clustering is generally insensitive to
the exact choice of 7; in practice, the average node degree is used.

Similarly, we may define a regularized degree-a Laplacian.
L,.=T“PT "

Each of these definitions extend naturally to their observed counterparts.
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4.1.1  Consistency of Spectral Clustering with the Regularized Laplacian

We now consider the spectral clustering algorithm induced by the regularized degree-a
Laplacian, and show that it is consistent. To that end, we introduce analogues of each of
the lemmas and theorems of Section 3.2, showing that the results change predictably with
the introduction of the parameter 7. Note that these results may be viewed as corollaries
to the results in this section by setting 7 = 0. We list each of the analogues, and refer the
reader to Section 3.2 for more context. The proofs of these theorems and lemmas are found

in Appendix C.

Lemma 10. Under a DCSBM parameterized by (Z,0, B) satisfying Conditions 3 and 5, if
16|, pr. > 0 + 7, the following bound holds with high probability.

~
HLOé,T - La,T

_ o[ Al6llpnlogn  AVOlpalogn /10l palogn
(5 + )22 (5 + )2 (0 + )

We may see that the introduction of 7 can improve the asymptotic concentration of the
degree-a Laplacian, which ultimately reduces the number of errors in the corresponding
spectral clustering. The additional requirement in this lemma is that ||f||, > 6 + 7. When
7 = 0, this is vacuously true, because ||6]|, p, > A. The condition thus requires that 7 not
be too large relative to the sparsity factor.

Define the error term in the previous lemma to be 7, , and

A+Tifa<1/2
Aom—:

)

d+T1ifa>1/2

We now state analogues of Lemma 8 and Theorem 7.

Lemma 11. Under a DCSBM parameterized by (Z,0, B) satisfying Conditions 3 and 5, if
16|, pr. > 0 + 7, the following bound holds with high probability.

N
* *
HXa,T - Xom—

VK A+ 1) Ny on/Tomas
<2 — " +2VEK ( J;_TB/Q 737/23 n
F \/na,TAOé,T A A 9170‘

a,T K,P”min
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Theorem 10. Under a DCSBM parameterized by (Z,0, B) satisfying Conditions 3 and 5,
if 10|, pn > 0 + 7, the following bounds hold with high probability.
Ifa <1/2,

I (Z Z) _0 M p KA+ T)6a+1nmm\/AJ’(9H1 pn logn
(0 + 7)0e12\ p02 2

min

Ifa>1/2,

min

1 (1.2) o (et ST
(0 + 7)3e=32 X p02 2

We now study the previous result in more detail. For each case, we may compute the

value of 7 that minimizes the order of the error.

(
. 1
OlfOéSﬁ

Topt = 4 min (0, 2 ((6a +1)A — (6a —3) d)) if 5 < a <

1
2

min(O,%((S&—%)A—Saé)) if%<a§1
\

Heuristically, 7 should be large when « is large or when the degree-heterogeneity is ex-
treme. In practice, this depends on the unknown quantities A and d, and in practice, the
average node degree is used. Regardless of the theoretical optimal 7, by exactly the same

argument given in Equation (3.1), under the same mild conditions, the bound in Theorem

L (Z Z) -0 ( 12i”> . (4.1)

4.2 Additional Modifications to Spectral Clustering

10 becomes

Recall that under the DCSBM, the latent positions of the nodes collapse when we use
the degree-corrected Laplacian. Under the regularized degree-corrected Laplacian L, -, this
no longer occurs. Therefore, under the DCSBM, if a regularization parameter is used,

normalization will be required regardless of the « value chosen. As mentioned previously, it
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is standard to use the average node degree for 7, and we use this as its default value (Qing
and Wang, 2024; Qin and Rohe, 2013).

Other than regularization, recent studies have shown that two additional modifications
can improve performance in spectral clustering algorithms (Qing and Wang, 2024; Jin et al.,
2022). First, we may consider using more than the K top eigenvectors for clustering. Second,
we may scale the columns of Ua by Aa, clustering the rows of Uaf\a. We study the effects of

these two modifications using numerical studies in Appendix C.4.

4.2.1 Selecting Additional Figenvectors

We first examine the effect of selecting additional eigenvectors for clustering. For the
rank K population matrix L, only the top K eigenvectors contain information about the
community structure. The remaining eigenvectors span the null space of the matrix, and
thus do not provide any useful information for distinguishing between communities. This
observation motivates the rationale behind selecting the top K eigenvectors of Lo. We may
view the top K eigenvectors as “signal” eigenvectors and the remaining n — K to be “noise”
eigenvectors.

As « increases, the factor of D™ shrinks the eigenvalues of L, toward zero. This reduces
the separation between two consecutive eigenvalues. If the noise level of the observed matrix
is too large relative to this separation, it becomes more difficult to guarantee that the order
of the eigenvalues remains the same between the population and observed matrices. In these
situations, it becomes more likely that the K top eigenvectors contain noise eigenvectors.
Selecting additional eigenvectors can mitigate this risk. This strategy is thus most effective
when the smallest non-zero eigenvalue is small and when « is large. Conversely, selecting
additional eigenvectors is less effective in the case when « is small, as the resulting gaps
between the eigenvalues are relatively larger.

We adopt the convention given in Jin et al. (2022), who suggest investigating the ratio
A Ki1/ Ak They analyze the weakness of the signal and include an additional eigenvector if
and only if

1— Agp1/Ag <0.1.
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a  Regularization A Scaling  Total Eigenvectors = Normalization

ASC 0 No 0 K Yes
RSC 1/2 Yes 0 K Yes
DCSC 1 Yes 1 Adaptive (Sec. 4.2.1) Yes

Table 4.1: A summary of the settings for selected algorithms.

4.2.2  Scaling Figenvectors

We now consider the effect of scaling the columns of U, by Ao. We note that Algorithm 3
scales the i-th column of U, by S\i/ ZQ . This is motivated by the fact that the spectral em-
bedding central limit theorems of Chapter 2 are stated in terms of Ua{;'i/ 2, However, there
is some evidence that a more appropriate scaling is UnSa (Jin et al., 2022; Qing and Wang,
2024). This scaling has two benefits. First, Abbe et al. (2020) states that the first order

approximations of Usym for the symmetric Laplacian are given by

A 1
Usym,i* ~ )\_ U’sym,iﬂ< .
)

In other words, the eigenvectors associated with smaller eigenvectors are noisier approxima-
tions, and the noise level is on the order of A\;'. Scaling the eigenvectors by the eigenvalues
then aligns the noise levels. Second, when adding additional eigenvectors for clustering as
considered previously, the effect of adding a “noise” vector is mitigated by down-weighting
the corresponding column by a small eigenvalue.

In the theoretical setting, the eigenvalues are usually assumed to have the same order —
recall that in the statement of Theorems 7 and 10, there is a factor of Ay p/ Ak p that affects
the bound given in Algorithm 3. In this case, the exact choice of scaling factor generally does
not affect the final clustering result. However, when the scales of the largest and smallest
eigenvalue are different, choosing a scaling factor of A can empirically improve performance.
We summarize the potential modifications to spectral clustering algorithms in Table 4.1 and
provide our recommended choices for each parameter.

As a final remark, we note that the modifications described in this section do not affect
the consistency of the algorithm, though it does affect the asymptotic order of the resulting

bound. Intuitively, because A is a consistent estimate of A, [Afa,ff\gﬁ is a consistent estimate
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of UOC’TAQJ for any 5. Additionally, all eigenvalues beyond the K-th eigenvalue of L, . is
identically 0, which “cancels” the effect of introducing additional eigenvectors in the analysis.

We provide a short lemma and proof of this fact in Appendix C.

Algorithm 4 Degree Corrected Spectral Clustering (DCSC)

Require: Regularized Degree Corrected Laplacian, IA/TDC, number of communities K
Ensure: Estimated community membership matrix Z
1: Compute 1 — 5\K+1/5\K, and set k = K if it is greater than 0.1 and kK = K + 1 otherwise
2: Compute U, € R™*, whose columns consist of the & top eigenvectors of ZALT,DC.
Compute A, € R***% a diagonal matrix whose diagonal entries consist of the s top
eigenvalues of [A/TyDC.
Compute X, =U,A,
Normalize the rows of X, to obtain X*.
Apply k-means to the rows of Xjf
return Z

w
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Chapter 5

Comparison of Methods

5.1 Theoretical Comparisons

In this section, we walk through a theoretical analysis of spectral clustering with the
degree-ar Laplacian. Consider an SBM with two communities. Given a € [0, 1], assume the
two asymptotic distributions from Theorem 9 are the true distributions of the rows of X,. In
other words, they are multivariate normal distributions with known means and covariances.

In this setting, any clustering algorithm may be thought of as deciding between
F1:N(/,61,21) and FQZN(ILLQ,EQ).

Additionally, the parameters of this distribution depend on «. It is natural to ask if certain
choices of a yield a better ability to distinguish between the two distributions. Chernoff
information provides a way to quantify the difficulty of distinguishing between two distribu-

tions.

Definition 11 (Chernoff Information). Let Fy and F» be two absolutely continuous mul-
tivariate distributions on RY and let fi and fo be their densities, respectively. Chernoff

divergence is defined to be

Co(Fy, F) = —log < /R i) 21t(:6)d:6) |
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Chernoff information is defined to be

C(F), F) = —log( inf /R i) ;—t(x)dx>

te(0,1)

— aup (—1og | @ ;-t<x>dx)
te(0,1) R4

= sup Cy(Fy, F?)
te(0,1)

This quantity may be explicitly computed for multivariate normal distributions. Define

Elg(t) = tZl + (1 — t)zg and let F1 = N(Ml,zl) and F2 = N([,LQ,ZQ). Then

1 da(t
O 1) = s (0000~ ) SB 0 ) + o =20 5y
2 te(0,1) |21| |22|
Note that (p; — p2) "S55 () (11 — po) is the square of the Mahalanobis norm with respect
to X12(f). We thus rewrite Equation (5.1) as

[X12(t)] ) '

1
C(F, Fy) = 9 sup) <(t(1 =Dl = MHZETZl(t)) o W
1] 22

te(0,1

As noted in Cape et al. (2019a), the Chernoff divergence falls into the family of f-
divergences. Any f-divergence is invariant with respect to invertible linear transformations
(Liese and Vajda, 2006), so the choice of Chernoff information is somewhat arbitrary. Other
divergences, such as the Kullback-Liebler divergence, could be used for analysis, but the
Chernoff divergence is chosen due to its relationship to the Bayes risk, which we make ex-
plicit below.

Let Yi,...,Y,, be m independent and identically distributed variables drawn from a dis-

tribution F', which is equal to either F} or Fy. We are interested in testing
HQiF:Fl VS. HllF:FQ.

The Neyman-Pearson Lemma (Neyman and Pearson, 1933) implies that given a threshold

k., the most uniformly most powerful level o, test is the likelihood ratio test, which rejects

Hy when
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szl fi (yz>
[1%, foly) =

Here v, refers to the Type-I error, following standard notation. We note that it is un-
related to the exponent in the degree-a Laplacian. To avoid confusion, we will always use
the subscript m when referring to Type-I error, and note that this notation only appears in
this section. Given an «,,, this test minimizes the type-II error 3,,. Assume that the prior
probability of Hy = m, i.e., the proportion of community 1 is 7. For a given o, € (0,1), let
Bk, = 6 (af)) be the Type-II error associated with the likelihood ratio test such that the

Type-I error is at most «a;,. Then the Bayes risk in deciding between Hy and H; is given by

inf w1 =75,
afnlél(o,l) T, ( 7]—)ﬂm

Chernoff related this quantity to the Chernoff information through the following formula
(Chernoff, 1952).

1
lim — | inf log(wag, + (1 —m)B)| = —C(F1, Fy).

m—o0 M |az,€(0,1)

In other words, the Chernoff information between F; and Fj is the exponential rate at
which the Bayes risk decreases as m — oo. Higher Chernoff information thus reflects better
ability to distinguish between the two distributions.

Returning to our example of a two community SBM, we may use the previous definitions
to compute the Chernoff information for the distributions of the eigenvalues of the degree
a Laplacian. Using the Theorems from 3.3, for the degree-a spectral embedding, we may
compute the Chernoff information between ¥, ; and ¥, 2. Here we remark that the Chernoff
information is defined for fixed distributions F} and F5, and so the expression p, also depends

on n. For reasons that will become clear, we suppress this dependence for now.

te(0,1) ’ 2 |Za,l |t |Za,2

1 [Xa2(t)]
pa= sup |t(1—t) |l — pels1 ) + 5 log ( = ||
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From Theorem 9, the means of the normal distributions are given by the rows of
na+1/2pg (T_aXa) )

If t; < np,, then (n+1/2p2 (T*O‘Xa))i* =< n. Thus, the quantity u; — ps is on the order
of n. On the other hand, the covariance matrices are independent of n. Therefore, for large
n, the second term in the previous equation is dominated by the first. We then have a

large-sample approximation of the Chernoff information as

g sup [t 1)l — el ) (52)
te(0, ’

Equation (5.2) implies that the Chernoff information increases as n increases. Consider L,
and Ly. The quantity pj, ,, is independent of n, making it a natural choice for determining
the relative efficiency of choosing the degree o Laplacian over the degree o Laplacian. We

now study the behavior of pf, ,, under several two-community SBMs.

5.1.1  Two-Community Balanced SBM

Consider the two-community SBM model with

where p > ¢ and 7 is a K x 1 vector such that 7; represents the proportion of nodes in
community 7. In this simple case, the probability of connection between two nodes depends
only on whether they belong to the same community. Since P admits a simple eigendecom-
position, we may compute a closed form for p,. Via an application of Theorem 9, the rows

of X, are asymptotically normal with means

n(p+q)
2(p+q)©
n(p—q)
2(p+q)™

n(p+q)
2 (e

[y = V 2(p+4)
_ [/ np—q)
2(p+q)

M1 =
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and covariances

4%(a—1)*(p(1—p)+q(1-q)) _ 4%(a=D)(p(1—p)12—4q(1=g)71)
Y1 = (Pt V=a(p+a)**t
ol _4%(a=)(p(A=p)y2=g(1=g)n) 49 (p(1=p3+a(1-a)7})
Vi—a(pta)*t3 (r—a)(p+9)**+*

and

4%(a—1)*(p(1-p)+q(1—q))  4%(a—1)(p(1—p)y2—q(l—g9)n)

5o, = (o)™ ma(pra)*tE
o2 4%(a—=1)(p(1—p)v2—q(1—q)11) 4° (p(1-p)13+a(1-0)77) ’
Vr—a(p+q) 23 (p—q)(p+a)**

where vy =a —ala —b) + b and v =a — ala —b) + b.
Using these quantities, p, ,, may be computed explicitly. Appendix D.1 contains further

details on calculations.
. 02042 + ClOé + CO
N CQO{IZ + Cla’ + CO

(5.3)

*
pa,o/

where

Co=0p—’W—p+¢—q)
Cr=—=2p—q)*+a)p+q—1)

Co=Wp+9*® —p+¢ —q).

Note that when oo = o, the ratio simplifies to 1, as expected. When a = 0 (corresponding
to the adjacency matrix) and o/ = 1/2 (corresponding to the symmetric Laplacian), the ratio
simplifies to Equation 14 from Cape et al. (2019a). If we fix o/ = 0, we may determine when
the ratio is largest, indicating the « at which the relative Chernoff information is maximized.
For a fixed p and ¢, the ratio is clearly maximized at —C}/2C5. Thus, for each p and ¢ the

optimal a may be computed to be

(
. o

Olf—m<0

Qopt = Q 1if —20712>1 (54)

C1

—3¢; otherwise

\
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Figure 5.1: The optimal « for the two-community SBM model described in Section 5.1.1. The
dark blue region corresponds to o = 0, adjacency spectral clustering being preferred. The lighter
colors represent higher o being preferred, with degree-corrected spectral clustering being preferred
in very sparse regions.

Figure 5.1 shows a plot of this graph over the lower right half of the domain [0, 1], At
each point, the optimal « is computed using Equation (5.4). The most striking feature of
the graph is the phase transition, corresponding to the case when C = 0. This occurs when
either p = ¢, which corresponds to the degenerate model, or when p+¢ = 1, which is visible as
the diagonal line in the figure. Above this boundary, adjacency spectral clustering provides
higher Chernoff information for clustering and below this boundary, some amount of degree
correction is preferred. In general, as sparsity increases, increasing the degree-correction

parameter o will provide the highest Chernoff information.



64

5.1.2  Two-Community Imbalanced SBM

We may also investigate this model when the classes are imbalanced, i.e. for a two-block

SBM model with

B = , = (m,l —m)

In this case, a simple formula for p* is not easily calculable. Instead, we may numerically
solve the optimization problem in Equation (5.3) to get an estimate of p*. For this setting,
we compute the ratio of the Chernoff information for adjacency spectral clustering to the
Chernoff information for degree-ar spectral clustering for a fixed « when m; = 1/3 and
my = 1/4. Thus, adjacency spectral clustering is preferred when the value is larger than 1
and the degree o Laplacian is preferred when the value is less than 1.

Figure 5.2 shows 6 plots, corresponding « values of 0.25,0.5 and 0.75 for 7 = 1/3 and
m = 1/4. We remark that the scale in this figure is different from that of Figure 5.1. In
these plots, the color represents the ratio of the Chernoff information relative to the adjacency
matrix, with values larger than one indicating that the adjacency matrix is preferred. The
plots show again the degree o Laplacian is generally preferred when the graph is sparser.
Furthermore, as « increases, the values near the bottom of the graph, corresponding to
sparser regimes, decrease. This indicates again that higher values of o are preferred when
the networks are sparse. Finally, as the class sizes become more imbalanced, the effect of «

becomes less pronounced, and the relative Chernoff information becomes more balanced.

5.2 Numerical Comparisons

In this section, we review the numerical experiments conducted to compare the perfor-
mance of several algorithms. In all experiments, for each parameterization, we run 50 repli-
cations and report the mean error rate. We compare our method, DCSC (Algorithm 4),
with Regularized Spectral Clustering (RSC) (Qin and Rohe, 2013), Spectral Clustering on
Ratios of Eigenvectors (SCORE) (Jin, 2015), Dual-Regularized Spectral Clustering (DRSC)
(Qing and Wang, 2024), and Adjacency Spectral Clustering (ASC, Algorithm 2). Each of

these algorithms was re-implemented in R for consistency.
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Figure 5.2: The ratio pj , for the imbalanced model described in Section 5.1.2 The values for a
are a = 0.25 (first column), o = 0.50 (second column) and a = 0.75 (third column). In the first
row, m; = 1/3 and in the second row, m; = 1/4. Values larger than 1 represent parameter values
where adjacency spectral clustering (o = 0) is preferred. The black line corresponds to the level

curve pj,, = 1.

In Experiment 1, we compare the algorithms when K = 2 and K = 3 with increasing n.

The values used were n € {100, 150, ...,500}. This reproduces the setup used in Experiment

1 of Qing and Wang (2024).

For Experiment 1A, we let K = 2 and assign each node to a community with equal

probability. The community connection matrix is defined to be

0.09 0.126
0.126 0.441
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Figure 5.3: Numerical results of Experiment 1.

For Experiment 1B, we let K = 3 and assign each node to a community with equal proba-

bility. The community connection matrix is defined to be

0.09 0.126
0.126 0.441

Experiments 1C and 1D share the same setup as experiments 1A and 1B, respectively,
with the addition of degree-correction parameters. The degree correction parameters are
selected from a Unif(0.7,1) distribution. We remark that in these experiments, the model is
not strictly assortative, as b1; < b1s. However, because the matrix B is positive-definite, the

model may be viewed as predominantly assortative.
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Figure 5.4: Numerical results of Experiment 2.

The results of Experiment 1 are shown in Figure 5.3. From Figure 5.3a, we see that
when K = 2, under the SBM, the error rate of DRSC, ASC, DCSC decrease quickly, while
the error rates for SCORE and ASC remain high. However, DCSC outperforms all other
algorithms when n is small and remains competitive as n increases. In the DCSBM and
K = 3 cases, the advantage of DCSC over all other algorithms is clear, and it achieves
the lowest error rate across all n in each case. From Figures 5.3a and 5.3c, we note that
DCSC still remains the best algorithm even in the SBM case, although its development was
motivated by the degree-corrected model. This shows that DCSC can be effective across a

wide range of models.
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In Experiment 2, we compare the performance of the algorithms in block models when the
ratios of the entries of B are changed and when the community sizes are imbalanced. We fix
K =2 and n = 500 for each experiment. For Experiments 2A and 2B, we assign each node

to either community with equal probability and set

0.25  0.15/aq
0.15/ao 0.225/a2|

for ag € {1,1.2,...,2.4}. In Experiment 2A we assume no degree-correction parameter
and in 2B we select the degree-correction parameters from a Unif(0.7,1) distribution. This
reproduces the setup used in Experiment 2A of Qing and Wang (2024).

In Experiment 2C and 2D we set

0.36 0.324
0.324 0.729

We assign round(n/(cy + 1)) nodes to community 1 and the remaining nodes to community 2
for cg € {1,2,...,10}. As ¢ increases, the community sizes become increasingly unbalanced,
and community detection becomes more difficult. In Experiment 2C we assume no degree-
correction parameter and in 2D we select the degree-correction parameters from a Unif(0.7, 1)
distribution. This reproduces the setup used in Experiment 2D of Qing and Wang (2024).

The results of Experiment 2 are shown in Figure 5.4. Figures 5.4a and 5.4b show that
DCSC clearly outperforms all other algorithms in this setting. Additionally, Figures 5.4c
and 5.4d demonstrate that DCSC and DRSC both are unaffected by community imbalance,
while the performance of the other algorithms degrades as the imbalance becomes severe.
In all cases, the presence of degree heterogeneity affects the performance of the algorithms
negatively, although it affects RSC, ASC, and SCORE more severely.

In Experiment 3, we analyze the effect of degree heterogeneity on performance of the
algorithms in homogeneous block models. We may parameterize homogeneous block models
in the following way. Define I to be the K x K identity matrix and let 1x be the K x 1

vector consisting of all ones. For two parameters v, A € (0,1) we may define a community
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Figure 5.5: Numerical results of Experiment 3.

connection matrix B by

B=v(Mg+(1-=N1glg).

Without degree-correction parameters, nodes within a community are connected with
probability v and nodes between communities are connected with probability (1 — A).
In this model, v controls the relative sparsity of the graph, with smaller v corresponding
to sparser graphs. A controls the similarity of within-community and between-community
interactions, with smaller A corresponding to more similar behavior. In general, when v or
A is close to 0, community detection becomes more difficult.

For Experiment 3A, K = 3 and n = 300, and for Experiment 3B, K = 4 and n = 400.
The community connection matrix is a homogeneous matrix with v = 0.6 and A = 0.3.
The degree correction parameters are chosen from a Unif(6,,,, 1) distribution, where 6, is
chosen from {0.5,0.6,...,1}. Thus, increasing 0,,;, corresponds to less degree heterogeneity,
and community detection is easier.

The results of Experiment 3 are shown in Figure 5.5. We see that for all algorithms,
decreasing degree heterogeneity improves performance. Additionally, DRSC and DCSC show
superior performance under this setup, and we can see that increasing the number of groups
further amplifies the performance differences of these two methods when compared to the

others.
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Figure 5.6: Numerical results of Experiment 4

In Experiment 4, we analyze a block model whose community connection matrix is of the

form

known as a core-periphery (Cape et al., 2019a) or planted clique (Lei and Rinaldo, 2015)
model. In this model, there is a “core” network, denoted by community 1, that is connected
to itself with high probability. The other community is weakly connected to itself and to
community 1. We fix n = 400, set ¢ = p/4, p varies from {0.2,0.3,...,0.6}. In Experiment
3A, we consider balanced community sizes. In Experiment 3B, we consider a large core,
where the probability of being in community 1 is 3/4. In Experiment 3C, we consider a
small core, where the probability of being in community 1 is 1/4.

We can see in this setup that DCSC and DRSC perform well when there are balanced
communities, outperforming the other three algorithms. In a large core network, DCSC
and DRSC outperform the other three algorithms, indicating that larger degree-correction is
appropriate in this case. In the small core network, ASC outperforms the other algorithms,

indicating that a smaller degree-correction is preferred.
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Algorithm Karate Football Polbooks Polblogs UKFaculty Caltech UA

n 34 110 92 1222 79 290 329
ASC 0 4 3 64 6 178 88
RSC 0 5 3 64 0 170 86

SCORE 0 14 1 58 34 181 128
DRSC 3 3 61 2 158 88
DCSC 0 3 4 29 2 96 70

Table 5.1: Algorithm comparison on real world data sets

5.3 Real Data

In this section, we analyze real network datasets and compare the algorithms. The datasets
are used in standard benchmarks in community detection (Jin et al., 2022; Qing and Wang,
2024). For each of the datasets, the true communities are known and labeled by the re-
searchers. See Appendix D.2 for a brief description of each dataset.

The results are summarized in Table 5.1, and the smallest number of errors for each graph
is bolded. The table suggests that DCSC is competitive with the listed algorithms for each
of the datasets, and can outperform the other methods in the Caltech and UA datasets.
This again supports the idea that the advantage of DCSC is apparent when the network is
low signal, as in Caltech dataset, or when the community sizes are unbalanced, as in the UA

dataset.

5.8.1 University of Arizona KMAP Dataset

In this section, we return to the University of Arizona KMAP dataset and analyze the
full network. The dataset consists of 7246 nodes and 2134 connected components. For
computational efficiency, we first remove any nodes of degree less than five and consider the
largest connected component of the resulting subgraph. We then remove any communities
with fewer than two total nodes (see Section 2.2). The final graph consists of 2742 nodes
in 166 communities. Although there is a ground-truth labeling available for this graph in
the form of the departments, the data are too noisy for any of the previously described

algorithms to achieve good performance. However, it is known that social networks often
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exhibit hierarchical community structures, in which smaller communities combine to form
larger ones. Using the ideas of completeness and Newman’s modularity, we may try to detect
superstructures in the KMAP dataset that consists of groups of academic departments.

We first introduce the ideas of Newman’s modularity and completeness. FEach of the
algorithms outlined previously require that the number of communities K be known. In
real-world networks, K is often unknown and must be estimated from the data. A strategy
for estimating K based on Newman’s modularity is outlined below (Qing and Wang, 2024).

Let Z be a community membership matrix and recall that we use the notation z; = k to

denote that node 7 is in community k. Let m be the total number of edges in the graph,

=1

Then for a given adjacency matrix A and labeling Z, Newman’s modularity is defined to be

1 dyd,

i’j

Intuitively, the second term in the summand represents the expected number of edges be-
tween nodes ¢ and j if the graph had no community structure. If this were true, the first
and second terms would cancel and the Newman’s modularity would evaluate to 0. On the
other hand, if we tend to observe more edges between nodes of the same community, then
the first term would be larger than the first and the Newman’s modularity would be positive.
In general, the quantity is bounded between —1 and 1, and larger positive values indicate
that the community structure is supported by the edge structure. We remark that defining
modularity in this way inherently assumes the data are assortative.

We may now develop a simple procedure to estimate K for any algorithm that produces
an estimated community labeling. For an algorithm A and a hypothesized K, let Z be the

estimated community label and define a score

1 did,
Q(A, K) = %Z (aij — 2m) 52173]

1,7
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We may then define a set of candidates for the number of communities L C N and let
K = arg max QA k).

We now introduce the idea of completeness, a measure of how well a partition of nodes
respects existing community labels. Let C be the set of true clusters and K be the set of
predicted clusters. Let n.; be the number of nodes in community ¢ assigned to community
k and define

H(C | K) = anznck (nck)
ke U e Tk

and

H(C) = —Zglog (nc>

ceC
Then completeness is
| H(C|K)
H(C)

Roughly speaking, completeness measures how well the true community labels are “kept
together” in K, with 1 being a perfect score.

We first apply DCSC with the number of communities K € {2,...25}. For each esti-
mated community labeling, we compute both Newman’s modularity and the completeness
score with respect to the departments. Figure 5.7a shows that Newman’s modularity in-
creases sharply as K increases from 2 to 4. Beyond this point, the modularity continues to
increase, but only marginally. Figure 5.7b shows that the completeness is maximized when
K = 4. These observations suggest that the departments naturally organize into 4 broad
categories. The full dataset, colored according to these categories, is shown in Figure 5.8a.
The resulting communities are well-distinguished, providing empirical evidence of a higher-
level organizational structure of the academic departments. Furthermore, a qualitative re-
view of the groups show that the higher-level structures generally correspond to well-known
academic divisions. The four categories are Arts/Administration, STEM, Medicine, and As-
tronomy/Steward Observatory. See Appendix D.3 for a complete listing of each department

and the assigned group.
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Figure 5.7: Scores for the estimated community labels on the KMAP dataset.
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Chapter 6

Discussion and Conclusion

This dissertation presents a family of graph matrices, the degree-a Laplacian, that gener-
alizes that adjacency and symmetric Laplacian matrices. We study the spectral properties
of this family, studying how degree-normalization can influence the induced spectral embed-
dings and spectral clustering techniques. At the population level, these matrices preserve
the low-rank structure of the SBM and the DCSBM. At the sample level, we establish that
the eigenvectors are uniformly consistent estimators of the latent positions, generalizing the
existing results on adjacency and Laplacian embeddings.

We focus on the case @ = 1, the degree-corrected Laplacian, which additionally has the
property of correcting for the degree heterogeneity introduced by the DCSBM. Using this
Laplacian we have introduced Degree-Corrected Spectral Clustering, which utilizes the eigen-
vectors of the degree-corrected Laplacian to perform community detection. The algorithm
is robust across a wide range of conditions and can outperform other algorithms. Numerical
studies show that it enjoys an advantage when communities are imbalanced or when networks
are sparse. This conclusion is supported by case studies applied to real-world network data
that display these features. Notably, DCSC also displays competitive performance under
the standard SBM, highlighting the value of the broader degree-a framework even in simpler
settings.

There are several natural extensions of this work. The introduction of the ridge regularizer
changes the asymptotic distribution of the spectral embedding for the Laplacian matrix. Ex-
amining the limiting behavior of the regularized Laplacian would be useful for understanding
how the distributions change with 7, and could provide additional insights into tuning the

parameter.



76

Additionally, the results on spectral embedding arise from the study of the random dot
product graph, which produces expected adjacency matrices that are necessarily positive-
definite. This generally corresponds to the case where graphs are assortative, in which
intra-community connections are more likely than inter-community connections. The gener-
alized random dot product graph (GRDPG), introduced by Rubin-Delanchy et al. (2022),
relaxes this restriction by allowing expected adjacency matrices with negative eigenvalues,
accommodating disassortative networks. Many of the results in this thesis could likely be
extended to this setting, broadening the applicability of the theory.

We have shown eigenvectors of the degree-av Laplacians have rows that are asymptotically
normal. Based on this assumption, we may consider using discriminant analysis instead of
k-means to separate the data points. In particular, quadratic discriminant analysis (QDA)
is appropriate when the covariance matrices are not assumed to be identical. Given explicit
formulas of the asymptotic covariance matrices, it would be interesting to seek examples
in which the asymptotic distributions display high heteroscedasticity to determine if QDA
shows better classification results than standard k-means.

Finally, the effect parameter « on clustering was studied through simulation and the lens of
Chernoff information. These results lead naturally to two questions for future investigation.
The first is whether the results of clustering is sensitive to the choice of a. The second is
whether there is a data-driven method for tuning this parameter. A naive node-splitting
technique for cross-validation technique is difficult, because splitting the data inherently
severs the connections between the folds. Instead, a network cross-validation technique

could be implemented to tune o (Chen and Lei, 2018).
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Appendix A

Appendix to Chapter 2

A.1 Proof of Theorem 2

We begin by introducing some useful notation and technical lemmas. We use [n] to denote
the set of integers {1,...,n}. A partition of [n] is a collection of nonempty, mutually disjoint
subsets of [n] whose union is [n]. Every equivalence relation on a set defines a partition of
that set, and vice versa. For a matrix (), we define its i-th row and j-th row to be equivalent
if they are identical. Using this equivalence relation, any matrix ) with n rows defines a

partition of [n].

Lemma 12. Ann x K community membership matriz Z defines a partition of [n] based on
row equivalence. Two community membership matrices Z and Z define the same partition

if and only if Z = ZP for a permutation matriz P.

Proof of Lemma 12: Define subset Cy, C [n] as {i € [n] | Zix = 1}. It is straightforward
to verify that {C,...,Ck} is a partition of [n]. Similarly, we can define another partition
{C4,...,Ck} based on Z. The partitions {C,...,Cx} and {Cy,...,Ck} are identical if and
only if there exists a permutation 7 : [K] — [K] such that C(y) = Cy. This permutation 7

induces a permutation matrix P with P ) = 1, and it follows that Z=Z7P. O

Lemma 13. Let Z and Z be two n x K community membership matrices, and R and R be
two full row-rank K x K’ matrices where K' > K. The matrices ZR and ZR define the same

partition of [n] based on row equivalence if and only if Z = ZP for a permutation matriz P.

Proof of Lemma 13: All rows of R are distinct, since R has full row rank. The rows of

Z R are replications of rows of R, and the i-th row of ZR is identical to the k-th row of R
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if and only if Z;, = 1. As a result, ZR and Z define the same partition of [n| based on row
equivalence. The same conclusion holds for ZR and Z.
Thus, ZR and ZR define the same partition of [n] if and only if Z and Z define the same
partition, and by Lemma 12, if and only if Z = ZP for a permutation matrix P. O
For a matrix @), we define its i-th row and j-th row to be proportionally equivalent if they
are proportional to each other up to a positive scaling factor. Any matrix ) with n rows

defines a partition of [n] via this proportional equivalence.

Lemma 14. The matrices Z, Z, R and R are defined as in Lemma 13. © and © are two
n x n positive diagonal matrices. The matrices ©ZR and ©ZR define the same partition of

[n] based on row proportional equivalence if and only if Z = ZP for a permutation matriz P.
Moreover, if ©ZR = OZR, and {C1,...,Ck} is the partition defined by OZR and OZR,
then @filéz‘i = @j’jlé)jj whenever i, j € Cy.

Proof of Lemma 14: No two rows of R are proportional to each other since R has full row
rank. Therefore, the partition defined by ZR via row equivalence and the partition defined

by ©ZR via row proportional equivalence are the same, and the first conclusion follows

Lemma 13. To show the second statement, we write
ZR=07'0ZR,

where ©710 is a positive diagonal matrix. It is straightforward to check when 4, j € Cy, the
i-th and j-th rows of ZR are identical, and the i-th and j-th rows of ZR are identical, which
implies @z_zlé” = @j_jléjj~ O

We now prove Theorem 2. To show the “if” part, we calculate

©ZBZ'O = Odiag (ZD'1x) ZPP"DBDPP' Z diag (ZD'1x) ©
= Odiag (2D '1x) ZDBDZ 'diag (ZD"'1k) ©.

To obtain Equation (2.3), it suffices to show

diag (ZD '1x) ZD = Z.
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We verify this by checking each entry. As both diag (ZD '1x) and D are diagonal matrices,
the (i, k) entry on the left is

[diag (ZD ') ZD]y = [diag (ZD "1k Zir Dy

When z; # k, both [diag (ZD 1) ZD]y, and Z;, are zero. When z; = k, Zy, = 1, it is easy
to check [diag (ZD 1 g)]i = Dy, 0

[diag (ZDillK)]iiZikak = Dt Zi Dk = Ziy..
For the “only if” portion, we first show that Equation (2.3) and Condition 2 imply that

©ZBZ'©@ =0ZBZ'6. (A1)
Note that Equation (2.3) implies that there exists a diagonal matrix C' such that
©ZBZ'®©=0©ZBZ"6 + C,
which leads to
0 'co'=2zBz" —-0'0ZBZ"6607". (A.2)

Let e; denote the i-th coordinate vector in R", defined as the vector with a 1 in the i-th
position and 0 elsewhere. Let ¢ and j be two nodes with z; = z;. Multiplying e; —e; on both

sides of (A.2), we have

071CO  (¢; —¢;) = (ZBZT - @*%ZBZT(Z)@*I) (€ —e;)

=-07'0ZBZTO07 (¢; — ¢;),

because Z ' (e; — e;) = 0. The last equation further implies

07'CO Y e; —¢;) = —ZBZTOO (e; — ¢;) = Zw, (A.3)
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where w = —BZTO0!(¢; — ¢;).

If w has a nonzero component, say w; # 0, then u = Zw has at least 3 nonzero components
by Condition 1 since ug = w; for all nodes s with Z, = [. In contrast, the left-hand side of
equation (A.3) has at most 2 nonzero components. Thus, equation (A.3) indicates w = 0,
and hence Cy; = Cj; = 0. We can repeat the argument with arbitrary ¢ and j from the same
community and conclude C' = 0.

To complete the proof, we now show that ©ZBZ'© = ©ZBZ'O implies Z = ZII,
B =T11"DBDII, and © = Odiag (ZD'1x).

First, we calculate the rank of ©ZBZ 70O as

rank(©@ZBZ"0) = rank(ZBZ") = rank(B) = K.

The first equal sign follows that © is a positive definite diagonal matrix. The second equal
sign holds because the membership matrix Z contains K x K identity matrix I as a sub-
matrix (up to a permutation).

Now consider the eigenvalue decomposition ©ZBZ"0 = UAU", where A is a K x K
diagonal matrix that contains all nonzero eigenvalues of ©ZBZ "0, U is a n x K matrix
whose columns are eigenvectors corresponding to nonzero eigenvalues. By the eigenvalue

decomposition, we can write
U=0ZBZ'"OUN ' =0ZBZ"OUA"' = OZR, (A.4)

where R = BZTOUA™! is a full rank K x K matrix. We conduct similar operations with

<Z .0, B), and express U via both parameter system
U=0ZR=0ZR, (A.5)

where R = BZTOUA™'. (A.5) implies that ©ZR and ©ZR define the same partition via
row proportional equivalence. By Lemma 14, we have Z = ZP for a permutation matrix P.
In addition, we denote the partition by {C1,...,Cx} where Cy, = {i € [n] | z; = k}. Lemma
14 also implies that @Z-_Z-l(:)ii = @j_jl(:)jj, when 1,7 € C}.
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Let D be a K x K diagonal matrix, where Dy = éi_i '0,; for any i with z; = k, which is well-
defined by the previous paragraph. It can be verified directly that 710 = diag (ZD '1k),
and diag (ZD 1) Z = ZD™L.

Note that we have shown Z = ZII. Equation (A.1) with Z = ZII leads to

ZBZ' =©7'6ZBZ 00!
=0 'eZIBN 200!
= diag (ZD™'1x) ZIIBI" Z " diag (ZD'1x)

=ZD'IBU'D'ZT,

which indicates B = D™'TIBIIT D!, or equivalently B = IIT DBDII. We have thus shown
that if two parameter sets produce the same expected adjacency matrices, then Z = 711,

B =TI"DBDII, and © = Odiag (ZD '1x). O
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Appendix B

Appendix to Chapter 3

B.1 Proofs of Theorem 8 and 9

We first restate some definitions for convenience. We define P to be an expected adjacency
matrix and A to be a realization of a random graph with expected value P. We use t; to
denote the expected degree of node 7, t; = Zj pi; and d; to denote the observed degree,
d; = Zj a;j. Then T and D to denote the diagonal matrices whose ii-th entry is given by ¢;
and d;, respectively.

The expected adjacency matrix is given by P. We let X be the n x K matrix consisting
of the latent positions, i.e., P = XX'. The symmetric Laplacian is given by Ly, =
T-12pT-42 We define A € RE*E {0 be a diagonal matrix whose diagonal entries consist
of the K largest eigenvalues of Lgyy, and U € R™K to be a matrix whose columns consist
of the corresponding eigenvectors. We then define X = UA'? so that Lgy, = XX T, and X
may be thought of as the latent positions of Lgyn,.

The degree a Laplacian is given by L, = T-*PT~*. We define X, = T/> X so that

Xa (on)T — Tl/QfaXXTTl/Qfa — Tl/Qfanl/QPTfl/2T1/2fa _ La

and X, may be thought of as the latent positions of L,. Each of these definitions extend
naturally to their observed counterparts. We finally note that the graph generation process
outlined in Section 2.4 implies that || X ||27OO = @(p}@/ 2). Assumption 4 implies that ¢; =
O(np,), and X = T-1/2X so ||)~(||200 =0(n"1?).

We begin with two technical lemmas, which are proven in Section B.2. The first lemma is

a bound on the deviations of the observed degrees from the true degrees.
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Lemma 15. Consider a sequence of graphs generated by the process described in Section 2.4

with the additional assumption described by Condition 4. Then
IT = Dll. = O ((npa)*1ogn)

with high probability.
The second lemma linearizes the quantity D” — T via Taylor expansion.

Lemma 16. Consider a sequence of graphs generated by the process described in Section 2.4

with the additional assumption described by Condition 4. Then
DP —T% = BT~ (T — D)+ R,
for a diagonal matriz Ry satisfying
1Bl = O ((npa)” " log(m))

with high probability.

We now begin the proof of Theorem 8. For notational convenience, we suppress the
dependence of all matrices on n in this section. Recall Theorem 5, which states that there

exists a sequence of orthogonal transformations () such that the symmetric Laplacian spectral

log® n
;OO0 npn

embedding satisfies

(573

max
1e{l,..n}

,=[|(xe7 =)

%

with high probability.

We are interested in bounding the quantity

XQQT - Xa

2,00
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To that end, using Lemma 16, we may write

XOCQT o Xa — DI/Q—Q)%QT o TI/Q—QX

1 2 ~
— <T1/2—a + (Oé . 5) T—a—l/? (T . D) + Rl) XQT . TI/Q_QX

where

1Rl = O ((npn)~"* *logn)

with high probability.

We may simplify this expression to get

— TV o(XQT — X) + ((a - %) T=o-Y2(T — D) 4 Rl) XQ".
— TV (XQT — X) + ((a - %) TV — D)) X
+«(a—%>TQ1”ULJD+RO<§QT—X)+&X
_zﬂ%%i@T—Xy+«%—%)Tﬂ4ﬂuuin)X+Rg (B.1)
where
Ry = ((a -~ %) T="Y2(T - D)+ Rl) ()?QT - X) +RX.

Using Lemmas 15 and 16, as well as Theorem 5, we have that

1
Ialye < (a3 ) (I 17 = DI + )
B log® ' n
o)

with high probability.

Xwr-X| o+l %)
2,00 2,00
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Thus,

HX&QT X

2,00

+

2,00

< e | fw - %

1 c+1
_of deg
n(a+1/2)p%

and the proof of Theorem 8 is complete.

1 -
a= |l i = DI %]+ IRl

We now move to Theorem 9. We begin with a result derived in Appendix B.1 of Tang and
Priebe (2018) that linearizes X Q" — X. We have

A

s . N1 .
XQT - X =T2(A - P)TV2X <XTX> + 5T (T = D)X + R,

where Rj is a matrix such that an}/ ?(Rs)i|| — 0 almost surely for all 4.
2

Plugging this into Equation (B.1) and recalling that X = T-/2X gives

N 2 ~ 1 ~
XQT — X, =TV ¢(XQT - X) + ((a — 5) T V(T — D)) X + Ry
Y /e N—1 1 ~
— T2 (T—W(A — P)TX (XTX) 45T (T D)X + Rg)
(o)) son

~ N\ —1
—T~%(A— P)T'X (XTX> 4+ aT*" YT - D)X + R

where R = T~'/>"*R; + R,. Note that R satisfies ||n®*/2p%(R),.

, — 0 almost surely for

all 1.
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Denote by ¢ the i-th row of n®*+1/2p <X QT — ) Let r denote an arbitrary random

vector with the property |||, — 0 almost surely. Then

N =1 patl/2 a+1/2 ja t. —d.
Ci - (XTX> : to & (Z ik t: pZ]X ) + o tszg Z l)Xi +7r
i J 7

¢ J

_ (XTX> -1 na+1/2pz <Z p711/2 (aij pu)g ) ana+1/2pz+l/2(ti . di)
B J
J

t t et ST
o\ o\ (npn)*? (ai; — pij) & npn\ T = (@i — pig)és
_ T J i) Si npPn \@ij — Pij)Si
- () <f) (Z ' el 2 T

We now use two results from Tang and Priebe (2018) that simplify each of the sums.

Recalling that 4 =E[¢] and T = E [&T }

(npa)'? (aij —py) . (aij — pij)§;
Zj: tj 9 Zg: (npn)V/2(&5, 1) o

and

npm alj Dij fz (T -1 T&, az] ng
( ) Z ) /2 B (X ) (&, p Z 1/2
j oI
Thus,

= <XT)2) (”£”>a (Z (npn)"/? (?%j —pij)§j> Lo (nﬂn>a+1; (ay = pi)&i

j J

az] p’Lj gj . CYT&
1/2 (<£J7:u> <517/’L>> o

Z
J
Za] p1/2])< ’ _a€>+r
J

(&) (&)

For each index 7, conditional on & = x;, the quantity

(a; = P&l &) [ & oXg
2 G <<»zj,u> ) 2

j <€27 :u>
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is a sum of independent, identically distributed, mean 0 random variables. By the mul-
tivariate central limit theorem, conditional on & = x;, this converges in distribution to a

multivariate normal distribution with mean 0 and covariance

3 oYz £ aTx '
E (2,6 (1= palz,)) (<£,u> - (£7u>> <<€,u> - <§,u>>

SN
Finally, we use another result from Tang and Priebe (2018), which states that <X TX >
converges almost surely to T~1. Additionally,
ti _Z]—pz‘j_zjéffj_g 13

npy npPy n n

(e
which converges to (§;, ) almost surely. By the continuous mapping theorem, <”tﬂ> con-

—Q

verges almost surely to (&, )~ An application of Slutsky’s theorem then gives that the
vector (; converges in distribution to a multivariate normal random variable with mean 0

and covariance

e [ @O —pale) (€ aTe [ & aTe) |
R e <<§,u> <5,u>><<§,u> <§,u>> T

which completes the proof.

B.2 Proofs of Lemmmas 15 and 16

Consider the i-th diagonal elements of D and T', denoted d; and t;. We will prove Lemma
16 and establish Lemma 15 in an intermediate step. We begin with a Taylor series approxi-

mation, which states that for any 3, there exists a & between t; and d; such that
1
df = t] + 5] (di — t3) + 5 B(8 + 1)E7(d; — t)?

We will show that the last term is bounded by (np,)?~'v/logn for each index i with high
probability.
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We first show that with high probability, & = ©(¢;). A standard multiplicative Chernoff
bound (for example, Chapter 2 of Vershynin (2018)) gives

bt

By Assumption 4, t; = ©(np,). The assumption that np, = w(log*n) then implies that
t; = w(logn). Choosing ¢; = (3 + v/35)/2 gives

d; c3t; ctlogn >
P(|=—1|> <92 _ 1) <9 1 = op /@) — 93 (B4
(712 0) 2o (<575 ) < 2o (522 ) 20 w (B

)

We now show that with high probability, |t; — d;| = Op(v/np,logn). Letting b = s/t; in

Equation (B.3) gives

2

S
P(ld; —t;| > <2 — . B.
(-t 2 9) < 2ewp (57— ) (B5)

Let ¢ = 3 + 2v/3. Choosing s = co+/1; logn gives

c3t;logn
P<di_ti>0\/ti10 n><2e — 27
| |2 e §1) = =P ( t; + 2c94/1; logn/3>

<2exp | — ¢ logn
- 1+ 2¢94/logn/t; .

Again recalling that ¢; = w(logn),
logn
t;

< 1.

Thus,

c2logn
P(di—ti > o/t 1o n>§2ex — 2
| |2 e & p( 1+202\/10gn/ti>

21
<o (E222)

— 2n—c§/(1+2cg)

=2n3 (B.6)
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We may apply a union bound to the previous equation to get that

P (ma,x|di —t;| > s> < ZP(MZ- —t;| > s)

< 2n~ 2
This establishes Lemma 15, as
\D-TJ_ = max |d; — t;] .
Letting ¢35 = ¢1¢2, Equations (B.4) and (B.6) imply
P (5;&2 |d; — tl-|2 < cgt;’gfl log n) < 2n73 42073, (B.7)
We may apply a union bound to the previous equation to get that
P <mlax (5{’872 |d; — ti]2> < et P log n) <d4n?

Since t; = O(np,),
&7 d; —t;° =0 ((npn)”'logn)

for each index ¢ with high probability, and the proof is complete.
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Appendix C

Appendix to Chapter 4

C.1 Proof of Lemma 10

We first recall that T, =T + 71 and D, = D + 71. Then

Loy — Los|| = |D;*AD;* — T PT ||

= |D;*AD;® = T/ AT * + T-“AT_* — T, *PT ||

< ||D7ADz" — T AT | [T ATS " — T2 PTC

For the first term, we begin with a lemma that bounds the operator norm of ||A — P||

(Theorem 5.2 in (Lei and Rinaldo, 2015)).

Lemma 17. Let A be the adjacency matrix of a random graph on n nodes in which edges
occur independently, and let P = E[A]. Assume that nmaxp;; < d for d > cylogn and
co > 0. Then ||A — P|| = O(V/d) with probability at least 1 —n~2.

An application of the triangle inequality gives that ||A]| < [|P|| + ||A — P||. We assume
that A > logn, so we may apply the previous lemma to get that ||A — P|| = O(VA)
with probability at least 1 — n~!. Combining this with the fact that |P|| < A gives that
|A]| = O(A) with probability 1 —n=2.
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Using the previous lemma, the following inequalities hold with probability at least 1 —n =2,

|DF*AD;* — T-“AT |
= ||T7* (TeD-*AD; T — A) T-¢|
< |72 72 D7 AD;o T — A
= (6+7) 2 |[(TeD;* — 1) AD;°T-* + A (DT> — I)||
= 04 (e AT+ AN P2 )1

<A@+7) 7 (H(TrDz = DI DeTe || + (DT = 1)

<A@+7) 7 (|[(TrDs “—I)H 1P T = T+ 1| + [[(DeT = 1))
<A@+n) (o = DI (7T = 1 + 1) + [ (D27 = 1))
<A@+n) (|0 =To2) [P+ 2| (1 - D)) (C.1)

To get a bound on the two summands, we may apply a concentration inequality (for

example, (Lu and Chung, 2006)). For u > 0,

u? u?
di — ] > u) < L S
P (=t > 1) < exp (5 ) oo (5
< u?
exp | —

Letting u = s(t; + 7) for s > 0 gives

(s(ti +
P(|d; — t;| > s(t; +7)) <2
( |2 slti+ 7)) < 2, + 25 t+7

( )?
( 2(t; +7’t—:—7:9 2-+7'))
e (s

2o

'U

s(ti + 7))
P (24 2s/3) t+7')

2+2s/3>

Choosing

VBl palogn
=c

O+T1

Y



92

]P)(’di - ti’ > S(ti —|'7')) < 2exp ( M)

24 2s/3

<2exp [~ CEFTD N6l pulogn

< 2+ c(6 +7)/[[0]], pn log 1

<2exp [~ CEFT N6l pulogn

< 2—1—0((54—7-)—1 HeHlpnlogn
2

<2exp | — c”logn

9 (6+7) +e logn

61l on
2
< 2exp (—C2lign) .
c

In the last step, we use the assumptions that [|0||, p, > 0 + 7 and ||6]|, p, > A > logn.

Choosing ¢ = %‘% and a union bound over all indices ¢ shows
P <max |d; — t;| > s(t; + T)> <2n 2
Since
d; @ d;
2 =722 = max [t = BE T < ey - BT
i (ti + 1) J ti+7
we have

O+T1

(1= T7D2)|| = 0 <¢m>

with probability at least 1 — 2n~2. Plugging this into Equation (C.1) gives

(5 + 7—)2+2a (5 + 7—)1+2a

— _ — _ n \ n
HDTQADTQ_TT aATTaH =0 (AH@Hlp logn A ||9||1P logn (02)

with probability at least 1 — 2n=2.

For the second term, we use Theorem 5 of Chung and Radcliffe (2011).

Lemma 18. Let Xy, Xy, ..., X,, be independent random n X n Hermitian matrices. More-

over, assume that | X; — E(X;)|| < M for all i, and let 0% = ||>_ Var(X;)||. Let X = > X,.
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Then for any a > 0,

P (X —EX]) 2 0) < 2newp (5 s ).

Define E;; to be the n x n matrix with a 1 in the ¢j and ji position and Os everywhere

else, and let

Xij =T ((aij — pij) Bij) T

T

= ((tu +7)(t5 + 7)) (ai; — pij) Eiy.
Note that

T AT - T;°PT " =Y Xy
It is easy to see that E[X;;] = 0, and

[(ai; —piy) Eigll 1
(0 +7)2% (5+T)

[ X5 — E(Xi)|| = [[ Xl <

Additionally,

Var (a;; — pij)

E[x2] < j j
[ ] — (5 + 7-)4a
. Var (CLij)
R
< 0:0;pn (1— Qiejpn)
- (0 4 7)%e
eiejpn

= (04 7)te




SO

IN
INd
|:M

=

IA
g
—~
S
+§b
2=
4k
Q

Omaz ||0||1 Pn
(0 + 7)o

16l e
(0 + 7)4

We now apply the lemma to X =" X;;. Choose

2clogn 2¢||0||, pn logn
§=—
3(6 +7)% (0 + 1)t

so that

6> clogn N c2log’n N QCHQHIleogn.
3(6 + 1) 9(6 + 7)1 (0 + 7)te
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This implies

clogn >\/0210g2n 2c|0]|, pnlogn
V9

" T30 + 1) G+ (5+7)
clogn 1\’ S Alog’n  2c||0||, pnlogn
s
30+7)%) T 96+ 1) (0 +7)%
,  2aclogn N log*n Alog’n  2c||0||, pulogn
S —_—
3(047)% 900+ 71)t T 9(6 + 1)t (0 4 7)d
5 2aclogn _ 2c||8||; pnlogn
57— >
3(0 4+ 7)% (6 4 7))

2 2c||0]]; pnlogn  2aclogn
(04 T7)te 3(0 + 7)2%

s> >2(0”+ Ma/3) (clogn)

S
> clogn.
2(0% + Maj3) = 8"
Choosing ¢ = 3 gives
o g PN s
P (|[T7*AT-* = T7*PT || > s) < 2nexp (_z(vz - MS/3))

< 2nexp (—3logn)

< 2n72

and

(C.3)

||TT aATTa — T aPTTaH —0 < ||9||1,0 logn

6+ )%

with probability at least 1 — 2n~2. Combining Equations (C.2) and (C.3) completes the

proof.
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C.2 Proof of Lemma 11

We begin by bounding the distance between the rows of )A((N and X, ;.

XaT_XaT

) )

roAL/2 1/2
. = Ua,TAa{r - UOéﬂ'Aoz/,T

F

<o, Avz — g, A2 — \ U, AY2 — U, AY/?

— s o,T , o, T F ) a,T s a,T F

< [z = a2 [ Oar - vas||  l1822 C.4
= a,T o,T F s ) F H HF ( )

By Lemma 7, +— Lar|| < Nar. Since both matrices are symmetric, Weyl’s inequality
implies
— < — <
5 = v < vz
and
LVEREVE ISV ¢ (©5)

We may use the Davis-Kahan sin € theorem to bound HUQ,T —Uqr

. This was provided
F

in Section 3.4 and reproduced here for convenience.

Lemma 19. Let P be a rank K n X n symmetric matriz with smallest eigenvalue \i. Let
A be any symmetric matriz and U, U be the n x K matrix whose columns are the K top
eigenvectors of A and P, respectively. Then there exists a K x K orthogonal matriz (Q such
that

- 2V2K
o -ve], ==

We may apply the previous lemma to L, , and [A/(M. For notational convenience, we work
with the assumption that () is the orthogonal matrix [x, noting that the proof could be
modified by replacing U, , with U, ;Q.

. 2K V2K,
Ua‘r_Ua‘r = a7~ ot §—7 C.6
’ ’ “E )\K ’ ’ )\K ( )

We now state a brief lemma that bounds the operator norm of L, ;.

Lemma 20. || L .|| < AL 2.
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Proof. We first show the result for the regularized symmetric Laplacian, Lgyy, ,. Note that
T—'A and T-Y2AT~'/? are similar and share eigenvalues. Since T—'A4 is row stochastic, the

Perron-Frobenius Theorem implies the largest eigenvalue of Lgyy, is 1. Thus,

||LSym,TH = HT;l/QTl/QLSymTl/ZT;l/zH
< HTT—1/2T1/2|| ||T1/2Tr_1/2H

< [z
A
COA+T

<1

Now define a matrix B = TTl/Q_O‘ so that L,, = BLgymB. Note that when a < 1/2,

1/2 —a >0, so ||B]| is the largest element of B. The opposite is true for a > 1/2. Then

[ Loyl = [ BLsym Bl

< | Bl | Lsym,- | | B
<AL
O]
Finally, by Lemma 20, ||Lq-|| < AL, so
A2, < A2 VE. (C.7)

Plugging Equations (C.5), (C.6) and (C.7) into Equation (C.4) gives

V2K,
< iR 4 22K

HXa,T - on,T /\KAg;l/2

We now bound the difference between the row-normalized matrices. To this end, we state
a brief lemma that relates the distance between two vectors to the distance between their

normalized counterparts.
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Lemma 21. Let u and v be two vectors in R™ and let v’ and v’ be the normalized vectors,

W =u/||lul| and v = v/ ||v||. Let M = max {||ull,,||v],}. Then

2|lu—

= 'll, <

Proof. Without loss of generality, assume that ||v|| > ||u||. Using the triangle inequality,

U,H<Hu_u‘+ u_v‘
Al ol loll - [lo]
Vol Tl
2=
]

Applying the previous lemma to (X o )ie and (X7 )i,

A 2| (Xardis = (Kar)i
X* —(X* i < 2
[0 = X2, < =0
for each i. Thus,
2 HXOC,T Xa T
H - X* S )
m

where m is the shortest row of X, ;.
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We now bound m from below. Using Lemma 6,

= e,

= \/Aluu + )\2’&271- + ...+ )\Ku%(ﬂ

K
k=1

K 9.1_0[ 2
VA Z(H?Z )
k=1 zi

V nmax

11—«
— )\K emln

max

Thus,

% 2V2K a,T max

HX:MT_X;T <2 na,TK+ \/_an1/2 " 2; P

F )\ Aa V emzn
2 [ £ o 2\/_K Tor /Tomax

= K

Nar AS- 1/2 3/2‘91 o
K 2\/_K T,/ Tomax

<2\ Il + 2 ) T

T K min

Ve D205 A2 ) N\ Rgla

K Ymin

- 2( VK N 2\/_K> Nayry/Mma (©8)

As a final step, we relate the eigenvalues of L, to the eigenvalues of P.

Lemma 22. Let A be a positive-definite symmetric matrix of rank K and D be a strictly

positive diagonal matriz. Define L, to be D~*AD~* for a € [0,1]. Then
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Proof. This follows from the submultiplicativity of the spectral norm, because

A a
d2a :

min

M = |2 = [[D=AD~|| < ||D~* || A] =

Since A\, = 1/ || L7

kA
d2a :

max

Ao = L7 = [[oean D7 = (oo )P (A7)

Applying Lemma 22 to Equation (C.8),

O % *
HXoc,T - Xom'

WAZa 1 + a—1/2 /\3/201 @

K Ymin
K A 3 o, T max
<o Y v 2veK (A+r 1)/2 Z/Q Al
ST A AST2N32 gloa

a,T min

§2< VE 2ff<>nm¢m

and the proof is complete.

C.3 Proof of Theorem 10

The final step of Algorithm 3 is to apply k-means to the rows of X ~, where each point is a
vector in R¥. Recalling that M, g is the set of all possible community membership matrices,

the solution to the k-means problem is given by

A A N 2
(Z, c) —  min HZC _ X
ZEM,, k,CERK XK F
Let
d= min |I(Xa)i = (Xa)ul|,-

the minimum distance between two rows of X} whose corresponding nodes that do not share

the same community.



101

Define a set of nodes in a community k& by

A A

(Xo)ix = (Z2C)in

S8
2 2

By the triangle inequality, we have

7C - X*

<|ze - x;
F

+ HXa — X
F

F

gz“)&;—xg

F

Then

2 N 2
g4HX§;—X;
F

(C.9)

K I\ 2
3 IMy| (—) < |z¢-x: .
2 F

k=1

Let Zj, be the set of nodes such that 2; = k and C, = Z;. \ M. We now show that C; may
be thought of as the set of correctly classified nodes and M}y may be thought of as the set
of misclassified nodes.

Suppose 4, j ¢ My, and 2; # 2;. This implies that CA’Zl* +# C’Zj*. Otherwise,

~

2+H( a)] 9

J

4 < XD = (Xl < ||(X2ic = Ce

which is impossible. This also implies that ¢ must have exactly K distinct rows. On the
other hand, if 4,5 ¢ My and 2; = Z;, then C’Z* = égj*, since there are K — 1 distinct rows
taken by nodes in Z; for | # 2. Thus, for i,j ¢ My, (2C)s = (ZC),, if and only if Z; = Z;,
and M, is the set of misclassified nodes.

We now bound d from below using the following lemma, which follows from a straightfor-

ward application of Wielandt’s inequality (see 7.4.12.6, (Horn and Johnson, 2013)).
Lemma 23. Let u and v be two orthogonal vectors and let D be a diagonal matriz. Define

dmaz

kR =
dmin
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Then

k2 —1 2
>412—2 =
k241 K2+ 1

Applying the previous lemma to the rows of X, as long as n > 1,

H 1Dul| IIDUII

Ak

U A1/2 K
v 52 )\1 + /\K 2\

We may apply this to Equation (C.9) to bound total number of misclassified nodes by

» .

F

>‘1 (A+ )6a (77047')2nmax
3o —2 48K
’ (na,TAz?;l i ) A2t (A ) 0220,

K AMp (A 2
— 32 ( 5 - + 8 2) 1,P ( + Tga (7701 7') ng’ba;?
T, DG AZe1 (8 4 7) (Aie p) ' Oicn

where in the last step we used Lemma 22.

We have
Al pulogn  AVIPT paTogn TN putogn

ot = (5 4 )2i2o (6 + 7)1t (6 + 7)2

When a > 1/2, A, =0 + 7. If the first term dominates, then

Aol Togn /ol on

(0 +7)? ~ o+T7

Y

which implies
Apy [|0]]; logn

1.
Grme
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Thus, with high probability

A [ 3 2 8a 2
L(2.2)=0 < K(5+7) +8K> ALpA? (A +7) HQHlpn(IQOan Fomas
A ||, pnlogn (8 + 7)80+3 (Ae.p)* 622

—o|(grk +8K>(AlPAQ(AJFT)Sa||9||1Pn(10gnanam>]

~—

S

~—

A 61, pnlogn (6 +7)%3 (A p) O

o e (Pred2 o ol 2 0
! (0 +7)8 (\.p)* 6%, 2°n

min

S

AP E2(A + 7)% /AT, pn10g M
_o|2r (A +7)* /A0, /02 sg”n (C.10)
(6 4 7)8%=3/2 (A p) " O m
using the fact that K < K?2.
If the second term dominates, then
n |01
A 1 amd 1 Vealfllogn
o+ o+
Thus, with high probability
. [ K 2 AX(A + 1) 1
L (Z, Z) :O (6—'_7-) _|_8K2 )\LP ( +7—) ”eﬂl pn2( ;)agn) Nmazx
|\ 2/T6, pnlogn (5 + 1) IN 22
[ K A2(A + 78 1
0 O+7)  gpe (AerAA+T) \1!9!1/%2( ;Dagn) Minaz
|\ V19T, 7o log (54 TN 022
ol K ) (Al,pMAw)saueulpn <1ogn>nm>]

(6 + 7)8aINL 62200

mwn

\ V0]l pnlogn
[\ pECA2(A + 1) /[0, pul maz

(0 + 7')80‘)\4 6%-22p,

min

using the fact that K < K2
If the third term dominates, then

A A/ pn |[0]], log

and 1>

1
T G +7)?
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Thus, with high probability

[ 8a
L(2.2) =0 AT gpe ) (Aurl2 T \f\hfn (1570 P
10]], prn logn (6 +7)8e— 1\t 0

[ KA ALp(A 4 7)5 0], pn (log 1) Tmas
=0 8K? : L
(5 +7 + > ( (0 4+ 7)8=1\% p 0% -2ep

min

L < iy (ALP(A + 7% /[0 e o) <1ogn>nm>]

O+T1 A(d+ 7)8“*3)\4 632

mwn

AP E2(A + )8 /T01], o 108 170mas
_ o | Ap BB £ 101, plognn ] ©12)

(3 + 7V 2 %,

using the fact that K < K?2.
Thus, when o > 1/2,

I <Z Z) _0 M p KA 4 7)8 /A 0], pnlog nitma,
(0 + 7)o 3N 022

min

with high probability.

The analysis is similar when o < % In this case, with high probability,

. M pK2(A Gatl /A0, pnl maz
(0 4 1) 1/2 X5 pb,ntn

min

We omit the algebraic details.

We briefly remark that we have used the assumption that K < K?, which is true because
K is the number of communities. This proof technique could be used to get a slightly
more transparent bound in terms of K by keeping track of the two terms involving K and
K? explicitly. In practice, the number of communities is either known and fixed, or small
compared to n. We thus choose not to pursue this bound in favor of clarity of the final

result.
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C.4 Investigation of Modifications to Spectral Clustering

C.4.1 Additional Figenvectors

In this section, we review the numerical experiments conducted to investigate the effect of
selecting additional eigenvectors for analysis in spectral clustering algorithms. A summary
of the results is provided in Figure C.1. In each of these experiments, 50 random graphs are
generated and either ASC (a = 0), RSC (o = 1/2), or DCSC (a = 1) is applied. For each
algorithm, either 3,4 or 5 eigenvectors are selected corresponding to the top eigenvalues.

For all trials, n = 350, K = 3, and the communities are balanced. The degree-correction
parameters are randomly selected from a Unif(0.7,1) distribution. The community connec-
tion matrix B changes between rows. All trials use a homogeneous stochastic block model,
with changing o and A values. For the top row a = 0.4 and A = 0.3. For the second row,
a = 0.4 and A = 0.35. For the third row, & = 0.4 and A = 0.4. Since increasing values of A
correspond to increasing signal, community detection becomes easier from as we move down
the figure.

From Figure C.1, we may conclude that including additional eigenvalues seems to have a

decreasing effect as « increases and as the signal increases.

C.4.2 FEigenvalue Scaling

In this section, we review the numerical experiments conducted to investigate the effect
of scaling the eigenvectors in spectral clustering algorithms. A summary of the results is
provided in Figure C.1. In each of these experiments, 50 random graphs are generated and
either ASC (a = 0), RSC (a = 1/2), or DCSC (a = 1) is applied. For each algorithm, the
columns of U, , are scaled by Afw for 5 € {0,0.5,1}.

In the first set of experiments, a homogeneous balanced 4-community DCSBM is studied.
We set v = 0.5, A = 0.4, and the degree-correction parameters are randomly sampled from
a Unif(0.7,1) distribution with increasing n. The values used were n € {100, 150, ...,500}.
These experiments correspond to the first row, Figures C.2a-C.2c. In this setup, the choice

of scaling has almost no effect on the results of the clustering algorithms.
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Figure C.1: The effect of including additional eigenvectors for various spectral clustering algo-
rithms. Each column corresponds to a different algorithm, and each row corresponds to a different
model, with increasing signal from the top row to the bottom row. Each graph shows boxplots of
50 replicates, using K, K + 1, or K + 2 eigenvectors for analysis.
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In the second set of experiments, a homogeneous imbalanced 4-community DCSBM is
studied. We set v = 0.5,A = 0.3, and the degree-correction parameters are randomly
sampled from a Unif(0.7,1) distribution with increasing n. The values used were n €
{100,150, ...,500}. These experiments correspond to the second row, Figures C.2d-C.2f.
In this setup, the scaling weight appears to have a modest effect on the efficacy of the

algorithms, with scaling by [A\a,T being preferred.

(a) a=0,y=0.5,A=0.4 (b) a=0.5,v=0.5Xx=04 (c) a=1,y=05 =04
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Figure C.2: The effect of scaling eigenvectors for various spectral clustering algorithms. Each
column corresponds to a different algorithm, and each row corresponds to a different model, where
the top row has a higher signal than the second. For each algorithm, the eigenvectors are scaled

by AQ,T for 5 €0,0.5,1.
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C.5 Lemma 24 and Proof

We first define several matrices. Let U, ,; be the n x (K + 4) matrix whose columns
consist of the K + ¢ top unit eigenvectors of L, ,. Let A, ,; = diag(A,..., Ax4i) be the
diagonal matrix whose entries are the K + i top eigenvalues of L, ,. Note that under this
notation, Uy, ;0 and A, .o reduce to U, ; and A, .. Finally, define X, ;5; = Ua”Ag” nd

let X Ny denote the row-normalized version of X, -g,. These definitions extend naturally

to the observed quantities.

Lemma 24. Under a DCSBM parameterized by (Z,0, B) satisfying Conditions 3 and 5, if
10|, pr. > 0 + 7, the following bound holds with

\/K (2+218) T,a\/ maxr
”Xomﬂz— arpill <2 —5 o +2V2K 771+6n1
TR Nor Ao )\ pl

a,T min

with high probability.

Proof. The proof of Lemma 11 begins by proving

Xa,T - Xa,‘r S HA&{?_ - Ai/ﬂz- - HUa,T - aT HAl/QHF
F r
We similarly show
Xorpi = Xarpi| = ||Unmilhori = Uaril\l
a,7,Bi a,7,B, - Q,T,i a7, a7
F r
< | Oarihlns = Oanihl] |+ [| Ol s = Uil

[0 (A2~ 42, HF | (Vairs = Unrs) A2

F

S Agrz_Agfz +H(Ua77'_UOé7T> F
= A= AL+ |[Gar = Va2

In the penultimate line, we have used the fact that the rows of Ua,m' are unit vectors and
that Ax; = 0 for all 0 < i < (n— K). The remainder of the proof then proceeds as in proof

of Lemma 8, mutatis mutandis. O
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Appendix D

Appendix to Chapter 5

D.1 Derivation of Equation (5.3)

We first compute the means and covariances given by Theorem 9. The means may be

calculated using elementary linear algebra,

n(p+q)

2(p+q)>
n(p—q)
2(p+q)

H1 = o =

In this model, the random vector £ € R? has the distribution

pt+q
where X; = 2_ For the covariances, we first calculate
qu
ptq ~ T 1 0
u=elg= |V ¥ T-m ]

The conditional block covariance matrix for each latent position can then be written

5.(@) = TIE <x,£><1—<x7s>>< & _ m) ( & _ m) F1

(z, 1) &y (o) ) \ ) (zpm)



110

We may calculate

pPt+q
(@p) = (a2, ) = P2

This observation allows us to write

2
Ptq

Sa(z) = e (2,€) (1 — (z,6)) (T—lg - ozx) (T—lg . ozx)T .
Gra) ] |

We may now compute the expectation explicitly at each latent position. When z = X;,

% [p(l —p) (Tlel — aXl) (Tlel — aXl)T +q(1—9q) <T71X2 — aX1> <T71X2 — aX1>T} .

Again we may compute

5 . T (p+a)(a=1)* _ Vpra(a=1)(p—a(p—q)+q)
(T7x —aXy) (TX1 - X)) = 2 N
_ vpte(a=1)(p—a(p—q)+q) (p—a(p—9)+9)
L 2v/p—q 2(p—q)
} 3 T (p+a)(a=1)* Vbta(a—1)(p+a(p—q)+q)
(T_IXQ — OéX1> (T_lXQ — aX1> = 2 2v/a—b ,
Vpta(a—1)(p+a(p—q)+q) (pt+alp—9)—q)
| 2v/a—b 2(p—q)
Combining terms and simplifying gives
4“(a—1)2(p(12—pl;rq(1—q)) _ 4= (E(-p)r2=q(1=g)n)
._ _ P+a)™ Vp—q(p+q)** 2
o 1= Ta(Xy) = _4%(a—=1)(p(1—p)12—g(1—g)71) 4*(p(1-p)¥3+a(1-9)7}) ’
V—a(p+a)*** 3 (p—a)(p+a)****

where vy =p—a(p—q)+qgand o =p—alp —q) +¢.

A similar calculation gives

4%(a—1)*(p(1—p)+q(1—q)) 4*(a=1)(p(1—p)y2—q(1—q)11)

. . (p+q)* Vi—a(p+a)**
Yoz 1= Ya(X) = 4%(a-D)(p(-pra—g(l-gy) A" (P0-pri+a1-0)?)

Vr—a(pta)®t3 (r—a)(p+9)****
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We may now compute p, . To do so, we need to compute Equation (5.2), which we

restate below.

o sup U1 =) o = 3o
te(0,1) “

= sup [0 =) (1 = ) (T + (1= a2) ™ (1 = p12)] .

We compute this quantity in two steps. First, we show that the supremum is achieved at
t = 1/2. Second, we derive an explicit formula for (t24; + (1 — 1)Xa2) .
We begin with the first claim. Let x = p1 — p1o, A = 341 and B = X, 5. Define

FE) =t(1 =) (1 — p2) " (H(Ban — Baz2) + Xa2) (11 — ).
Notice that (X1 — Xa2) + Xa2 has the form

C1 (1 — 2t>02
(]_ - 2t)62 C3

for constants c1,co and c3, so

1 C3 —(1 — Qt)CQ
Ci1C3 — (]_ — 2t)2c% _(1 _ 275)02 c1

(t<2a,1 - 2cu,2> + 2&,2)_1 -

Additionally, p1 — ps has the form (0, ¢,) for some constant ¢y. Therefore,

C1 Ci

ciez — (1 —2t)2¢2

(g1 — Mz)T(t(Ea,l —Ya2) + Ea,z)fl(m — p) =

and
t(1 —t)eyc?
f(t) = (_ )_1 42 2°
C1C3 (1 Qt) 5

Elementary calculus and the fact that ¥,; and ¥, are positive semi-definite show that

t =1/2 is indeed the unique value at which the supremum in Equation (5.2) is achieved.
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We now establish the second claim, which will allow us to compute py, ./, we begin with a

lemma from Cape et al. (2019a), which follows from elementary matrix calculations.

Lemma 25. Let My, M, € R**? be two invertible matrices. For each t € [0,1], let M; =
(1 —t)Mo + t(My). If M, is invertible, then

B (1—t)My "+ | My My ey
MM 2 e (M M) (L —t) + (1 —¢)2

M
In particular, note that |3,(X;)| = |Z4(X2)|. This implies that |Z,(X;)X.(X2) ™ =1
and the expression from Lemma 25 becomes

Y= (1—t)My "' +tM;?
t 2 -1 2°
2+ tr (MiMy )t —t) + (1 —¢)

At the value t = 1/2, if tr (M;M; ") # —2 (which is true because covariance matrices are

positive semi-definite) the expression further simplifies to

_2(My 4+ M)
V22t (MM )

-1

Finally,

2
H,ua,l - Hoa,QHE;YILQ(lﬂ)

p:;,oc’ = 2
| ttar 1 — Ua’,2|‘z;,1!1’2(1/2)

Q(Ma,l_ﬂa,Q)T(25‘11“!‘2;,12)(/1/&,1_“(1,2)
2+tr(2a712;’12)
T/(w-1 -1
2(:""&’,17“a/,2) (Ea/71+2a/’2)(lu‘o/,lfnu‘o/ﬂ)
2+tr<Ea/7lZ;,1,2>
C2+4tr (Bar122)
24 tr (Sa1X,5)

This last term may be computed explicitly, which proves the lemma.
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D.2 Description of Real-World Networks

1. Karate (K=2): This network consists of members of a karate club, where edges
represent a friendship between two members. The author studied a fracture within the
group, whereby each member split into one of two communities, led either by Mr. Hi

or John. We use the leader of the group as the true labels. (Zachary, 1977)

2. Football (K=5): This network summarizes American football games between college
teams during the regular season of Fall 2022, and the presence of an edge represents a
regular-season game. The nodes are grouped into 11 conferences, which are used for
the true labels. 5 of the nodes are labeled “independent”, and are removed from the

graph. (Girvan and Newman, 2002)

3. Polbooks (K=2): This network consists of books about US politics published around
2004 and sold by Amazon. The presence of an edge represents frequent purchases of
books by the same buyers. The nodes are labeled as either “conservative”, “liberal”
or “independent”. The last group is removed from the graph. This network data is

unpublished but may be downloaded at https://websites.umich.edu/~mejn/netdata/.

4. Polblogs (K=2): This network consists of blogs about US politics run around 200.
The presence of an edge represents links between blogs. The nodes are labeled as either

“conservative” or “liberal”. Only the largest connected component is considered in the

graph (Adamic and Glance, 2005).

5. UKFaculty (K=2): This network consists of faculty at a UK university consisting
of three separate schools. The presence of an edge represents friendship between the
nodes. The smallest group only contains 2 nodes, which is removed from the graph

(Nepusz et al., 2008).

6. Caltech (K=8): This network consists of students at Caltech, with an edge repre-
senting a friendship between nodes. The dormitory of the student is used as the true

community.


https://websites.umich.edu/~mejn/netdata/
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7. UA: This network consists of all departments at the University of Arizona, and edges
represent collaborations between academics. The data are provided by the KMAP
group. To pre-process the data, all nodes of degree less than 5 are removed from
analysis. Then, the largest connected component is selected for study. For the example
in Section 2.3.1, a subgraph consisting of 4 departments is chosen for community

detection (Hossain et al., 2025).

D.3 List of Departments and Grouping

This appendix lists each department and their group in the KMAP dataset analyzed in
Section 5.3.1. The table also includes the agreement percentage, which is the number of
members in that department assigned to the larger group, and the total number of members
in each department. We remark although the graph and corresponding visualization consists
of 166 communities, only 141 appear in the table below due to missing data in the cross-

tabulation.
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